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Preface 


In recent years, applied mathematics has been used in all novel disciplines 
of scientific evolution and development. The book Advances in Applied 
Mathematical Analysis and Applications is published with the purpose to 
summarize the interdisciplinary work of applied mathematics. 

Chapter 1 discusses the method of similarity solutions of spherical shock 
waves in a self-gravitating ideal gas. This method is generally used to 
study the continuous symmetry in mathematics, mechanics, and theoretical 
physics, and helps us to simplify the complicated problem involving physical 
phenomena into solvable mathematical system of equations. 

In Chapter 2, the influences of the magnetic field and the Navier’s slip 
condition on the boundary layer flow of C’u — water nanofluid nearby a 
stagnation point over a stretching surface are discussed. 

Chapter 3 discusses the advantages of applied mathematics-based 
approaches for ecology, environmental security, climate regional studies 
oriented to change adaptation, where the remote sensing technologies are 
demonstrated. Different approaches to anthropogenic and natural emissions 
inventory and analysis are also described and discussed. 

Chapter 4 describes a methodology for developing a smart system by 
utilising the application of an adaptive neuro-fuzzy inference system that 
can be used by physicians to accelerate the diagnosis process. This aims at 
developing a capable intelligent system that can be used for the classification 
purpose. 

Chapter 5 considers an inventory model where demand and deterioration 
rates are formulated in fuzzy environment, because, in real-life situations, 
demand and deterioration rates of an item are slightly disrupted from their 
original values. 

In Chapter 6, the authors give an introductory discussion on summability 
process; regularity of summability process and its Silverman—Toeplitz theo- 
rem. Further, they explain about the stability of the frequency response of the 
system. 


Xili 
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xiv Preface 


Chapter 7 concerns the various parameters that are considered in the 
design of the manufacturing control and automation. Manufacturing system 
can be designed in accordance with the techniques used to provide the final 
state of products that may be finished or semi-finished. Additive, subtractive, 
and rapid prototyping is proposed as a technique designed for the manufac- 
turing which can be used to produce various types of products according to 
their complexity and requirement of the production procedure. 

In Chapter 8, an application of SEIR model is studied for the crop through 
water and soil texture. The resulting study reflects the behaviour of the crop 
yield that occurs when crop comes in the contact of other model parameters. 

Chapter 9 briefly describes the importance of mesh-free techniques using 
radial basis function approach in solving various complex phenomena in the 
framework of the differential equation. 

In Chapter 10, the author applies the Rayleigh—Ritz method to study 
the time-period of a non-homogeneous square plate with linear variation in 
thickness and temperature, on clamped edge conditions. A comparison of 
frequency modes with the existing results in the literature is also given. 

Chapter 11 provides a brief historical survey of the results, definitions, 
mathematical lemmas, and theorems, in complete metric spaces on a fixed 
point for maps concerning several integral types of contractive conditions. 

In Chapter 12, the variations of stripping factors for various energies of 
the gamma rays in airborne surveys are studied from the viewpoint of direct 
measurements for radiometric counts in different energy windows. 

Chapter 13 deals with the inverting of the area temperature profile a(T) 
from the measured total power spectrum W(v) of temperature at different 
frequencies. The inversion solution of this black body radiation problem is 
derived using the Planck radiation law. 

The editors would like to thank all the authors for their great contributions 
to this book as well as all anonymous referees for their excellent jobs in 
reviewing the articles. We hope that the readers can lean the latest results and 
trends in respective research fields and will be inspired to make their further 
research and development in applied mathematics. 


Mangey Ram 
India 


Tadashi Dohi 
Japan 
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Lie group of transformations method is used to obtain the similarity solutions 
for the system of non-linear partial differential equations, which describes 
the one-dimensional unsteady adiabatic flow of a self-gravitating ideal gas 
with the effect of magnetic field. The density of the medium is supposed to 
be varying and obeying the exponential law. Two cases have been discussed 
for the possible solutions for different values of arbitrary constants appearing 
in the set of infinitesimal generators. With the help of infinitesimal generators, 
the given system of non-linear PDEs is converted into a system of ODEs. 
In this work, a particular case of the collapse of an imploding spherical 
shock is shown in detail. The effects of adiabatic index and the strength of 
magnetic field are shown in detail. To obtain the profile of flow variables 
and similarity exponent delta, numerical calculations have been performed 
for different values of the ambient density exponent. All computational work 
has been performed using the software Mathematica. 


1.1 Introduction 


Most of the physical phenomena in our world are essentially non-linear 
and can be described by the mathematical models in the form of partial 
differential equations. These PDEs play an important role in many areas 
of physics: astrophysics, gas-dynamics, combustion theory, cosmology, etc. 
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With the help of the basic laws of mechanics and thermodynamics, the the- 
oretical foundation of gas-dynamics is formed. To study the propagation of 
shock waves is important, because this phenomenon is well-marked in the 
disassembled nature of the absorption of energy. Shock waves form when the 
velocity of object becomes higher than the velocity of sound. Shocks waves 
are observed at many places such as the snapping of belts, nature, laboratory, 
etc. Strong converging shocks are of interest in material synthesis, where the 
hardness, phase and other properties of a material can be changed because of 
shock compression. 

The method of Lie group is generally used to study the continuous 
symmetry in mathematics, mechanics and theoretical physics. This method 
helps us simplify the complicated problem involving physical phenomena 
into solvable mathematical system of equations. The basic idea of Lie group 
method for solving physical problem, which has been formulated in the 
form of mathematical equations, can be found in the work presented by 
Logan [12], Sharma and Radha [17], Bluman and Kumei [4], Arora et al. [2] 
and Hydon [8]. Sharma and Arora [18] used this method in their work and 
obtained the entire class of similarity solutions and also studied imploding 
shock in an ideal gas. A theoretical study of imploding shock wave was 
first performed by Guderley [7]. In 2012, Jena [11] used Lie group method 
and obtained the similarity solutions in a plasma with axial magnetic field 
(8-pinch). The method of Lie group was used to study the propagation of 
shock wave through a non-ideal gas obeying the equation of state used in [5], 
interaction of weak discontinuities in [1], solution of the system of equations 
describing the flow at the stellar surface in the work of Saxena and Jena [16], 
self-similar solutions of equations describing the flow in a gas with dust 
particles [10]. 

Ray [6] studied the propagation of shock wave in an exponential medium 
and found exact solutions. Singh and Vishwakarma [19] have obtained the 
self-similar solutions of a shock wave in the presence of radiation heat flux, 
heat conduction and gravitational field in the mixture of a non-ideal gas. Nath 
et al. [14] discussed the flow behind the shock in a self gravitating gas in a 
medium with varying exponential density. They have shown the effects of 
gravitational constant, variation in magnetic field and adiabatic exponent for 
adiabatic and isothermal flows in an ideal gas. 

In general, it is very hard to determine the solution of the system of 
quasi-linear hyperbolic PDEs without any approximations. Hence, we seek 
similarity solutions subject to the shock conditions along a set of similarity 
curves along which the sytem of PDEs transforms into the system of ODEs. 


www.EngineeringBooksPDF.com 


1.2 Formulation of Problem 3 


For determining the similarity solutions, there are two methods to obtain the 
similarity exponent 0. In the first method, 6 is obtained by either conserva- 
tion laws or by dimensional considerations and in the second method, the 
similarity exponent is determined by integrating the reduced ODEs [22]. In 
this paper, we have considered the similarity solutions by using the second 
method. 

In the present work, we have considered a system of hydrodynamic 
equations governing one-dimensional unsteady spherical symmetric motion 
in the presence of azimuthal magnetic field which describes the flow in a self- 
gravitating gas. We have applied the Lie group method to solve the system 
(1.1) and obtained infinitesimal generators for this system. With the help 
of these generators, the system of partial differential equations is reduced 
into the system of ordinary differential equations. The main advantage of this 
method is to reduce the number of independent variables by one. A particular 
case of the collapse of an imploding shock is shown in detail for spherically 
symmetric flow. The effect of an increase in the value of specific heats 
ratio constant and the strength of magnetic field are shown in detail. The 
flow patterns of variables just behind the shock are obtained by performing 
numerical computations using the software Mathematica. 


1.2 Formulation of Problem 


The fundamental equations of motion governing one-dimensional unsteady 
adiabatic flow of electrically conducting and self-gravitating ideal gas, with 
the effect of magnetic field are given as follows (see [13, 14, 20, 21, 23]): 


v 
Pt + UpPr + pvr 4 2? = 0, 


r 
1 h? Gm 
p Tr r 
hv 
hy + vhy + hv, + — = 0, (1.1) 
r 


m, —4rpr? = 0, 
pt + Upr — ra + upr) = 90, 


where p is the pressure, p is the density, v is the velocity, h is the magnetic 
field, -y is adiabatic index, jz is the magnetic permeability and m is the mass 
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which is contained in a unit sphere of radius r. The effects of heat conduction 
and viscosity are not considered and electrical conductivity of the gas is 
supposed to be infinite. The term =" em j in the second equation of system (1.1) 
represents the gravitational effect, where G is the gravitational constant. 

As the behaviour of the medium is supposed to be ideal, therefore 


P 
p=TpT, e Gaayp (1.2) 
where I’ is the gas constant, e is the internal energy per unit mass and ¥ is the 
adiabatic index. 
Let r = R(t) denotes the shock wave front motion propagating into a 
medium specified by 


u9=0, p= per? ho = he and mp = Me, (1.3) 


where the suffix p., 0, he and m, are the given reference constants with the 
associated medium. Therefore, the jump conditions across the shock front for 
the considered problem is defined as [13]: 


pi(V — ur) = poV, 


h2 h2 
pit =n + pi(V — ui)? = pot =. + poV?, 
fee 21. h2 
ged ae epg aea to. t 5V?, (4) 
Pr pl Poo 
hi(V — u1) = A hoV, 
my, = ™M™o, 


where V = ue ; R be the velocity of shock shock front. Since the shock is strong, 
therefore po ~ 0, and e9 ~ 0. 

Then from Equation (1.4), the boundary conditions across the shock 
propagating as follows: 


v=(1-8)V, 
eres 
a8? 
1 1 ‘5 
p= |(1-8)4 aM (1 =) |V (0; (1.5) 
ho 
h Be 
m= mo, 
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where My = foe is the Alfven-Mach number. The value of 
0 


£ (0 < 6 < 1) is determined by the expression given as follows: 


2 (Ma? +1)-1\ | (y¥—2)M3? 
sas eater ie ces) 


= 0. (1.6) 


1.3 Similarity Analysis 


For obtaining the similarity solutions of the system (1.1), we determine its 
symmetry group [15] such that (1.1) remains invariant under this symme- 
try group of transformations. So, we consider the infinitesimal group of 
transformations as follows: 


e* =r, EX(P, U,D, h, m,?, t), i =t+ EW, Vv, P, h,m,r, t), 
v=ut €U(p, 0, P, h,m,r,t), p =p+eS(p,v,p, h,m,r,t); (1.7) 
p =Ppr eP(p,U,D, h, m,?, t), h* = h+ cE(p,v,p, h,m,r,t), 


m* =m 7 eF (p, v, p, RPE Ae 
where y, w, U, S, P, E and F are the infinitesimal generators such that the 
system (1.1) along with the shock conditions (1.5) remains invariant under 
the above group (1.7), € is very small quantity such that we can neglect its 
second and higher power terms. This group of transformations decreases the 
number of independent variables of the given system by one and thus, we get 
the system of ordinary differential equations. 
We introduce the notation as 


a =t, v2 =7,u1 =p, vw =v, U3 =p, uu =h, us =m, 


and 


: Ou; 
pi =<", where i=1,2,3,4,5 and j =1,2. 
Ox; 
The system (1.1) of basic equations, which can be expressed as 

Eye tip) 0, s=1,2,3,4,5 

is said to be invariant under the Lie group of transformations (1.7) if 
LF; = sr F;, where s = 1,2,3,4,5 and r= 1,2,3,4,5 (1.8) 

where L represents the Lie derivative and is given as 


Oo Oo . O 
L=& - £t + € —_., 
Sa, + Guy + So Bpi 
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wih =, =%G&=SG=U,G=P,=£,& = F and 


ee ee 
Pi On; Bug? da, Bu, tts” 


(1.9) 


where / = 1,2, 7 = 1,2,n = 1,2,3,4,5 and k = 1,2,3,4,5. 
So, the Equation (1.8) can be written as 


ci OFs pi OFo | oi OF, 
* Ox t “ Ou, T Dj Opi 


= Qs,F;,, where r,s = 1,2,3,4,5. (1.10) 


Substitution of aa from Equation (1.9) into Equation (1.10) yields a 
polynomial equation in p’.. Equating to zero the coefficients of P; and P; py on 
both sides of Equation (1.10), we obtain a system of first-order PDEs in terms 
of the infinitesimals generators x, w, U, S, P, E and F’. Therefore, from the 
invariance of the first equation of the system (1.1), we obtain the system of 
determining equations given as follows: 


Sp— r= er = ani ~ 7 ans, 


Sy — PUr=2412, Sp=O45, Sah=O13, Sm =), 


PU 
U-—xt, +S) —vXxXr4 pUp = van ~ ans, 
S+vSy + pUy — pXr = pau +vai2 + hairs, (1.11) 


1 
VU Sp + pUp = pone Pele 


h 
v Sp + pUpn = = ca + vas, 
USm + pUm = a4, 


2ou Uv 2pv h2 Gm 
S,+uS, E x4 25 4+ Pou = p ai 4 (4 ++ Jon 
r r r r 


hv 
+ = O13 — Ar pr? Qy4. 
The invariance of the second equation of the system (1.1) yields 
Up = ani ~~ as, Uy — vr — We = 022, 


1 h 
Oo Mee eh Un — tbr = ans, Um = 0, 
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U 


1 h 
vUp += Py + Ey = van — 7 95, (1.12) 


1 uh 
U-x+0U, a a + = By = pan + vax + hays, 


Ss 1 i wh 1 
——++4vU,4+-P x Ey = — A292 + VU Q95, 
p? a Oo pe ae 
E h 1 h h h 
eee ee S+vuUpn+—-—Ph : Ep, E oes 22 + VU A238, 
pp p p p 
1 h 
Wm + 5 Pm + = Em = 024, 
1 h h? Quh h?  2Gm 
Dice oP a ee ee a A ae 
p rp pr r r 
FG 2pv h? Gm hv 
+ = at (St SP) aa + ane = dr ae 
r , pr r 


The invariance of the third equation of the system (1.1) yields 
Ey = 031 — a5, Ey — hoy = 032, Ep = 035, 
En — Ve — vbr = 033, Em =), 
hUp + Bp = vasi ~~ ass, (1.13) 


E+hUy-—hyr tu Ey = pagi + a32 + hags, 


1 
hU, + 0 Ep = — 032 + 035, 
p 


h 
U xt hUn +0 By — 0x7 = — a9 + v.58, 
hUm +0 Em = 134, 
Uh hv 2pv (= ) 
—>7 | 032 


ng ge Bet Utes Gee ~ B=" as + 


hv 
- ae 33 — An pr 34. 
The invariance of the fourth equation of the system (1.1) yields 
a42=0, a43=0, as =0, YY, =9, as a45 + O41 = 0, 


v 
Fy = vou ~~ cus, Fy = pag, + 0 Og + has, 
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1 h 
fy = oe +va45, Fr= F Q42 +va43, Fim — Xr = O44, (1.14) 
2 hn? G h 
F, —4nr? S —8n prx= euaye + (e + as + Ce — An pr? ag. 
r pr r r 


Finally, the invariance of the last equation of the system (1.1) yields 


es a Sp Pp a ae = Se Ver we i ne 

vee wel + 12 1B xe Spt Te x +0 Pp = va081 a a5, 
Py — 7% 80 = a2, a + Pp — Xt — UXr = O55, Ph — 7 Sh = a8; 
aE AP 20, hp 7 Sy = pasi + vas52 + hass, Gee) 
U x4 — TES Sp +0 Pp — Xr = 5 asa + VAs, 
u Ph “8 a a52 + Vass, oe Sm +v Pm = 154, 
re = S.+ iP ao ee 514 (ue ae Se) ase + MY ass — Apr ase 


Now, solving the above systems (1.11)—(1.15) of the determining equa- 
tions, we obtain the following infinitesimal generators: 


X = (a22 + 2a) r, wy =at+b, 
S = (ai +a) p, U = (ag. +a) v, 
1 
P= (ai + 2a99 + 3a) p, B= 9 (on + 2a20 + 3a) h, (1.16) 
F = (3a22 + 4a) m, 


where @11, @22, a and b are the arbitrary constants. 


1.4 Similarity Solutions 


The arbitrary constants, appearing in the expressions (1.16), give rise to two 
cases of possible solutions. 


Case 1: When a # 0 and (ag2 + 2a) 4 0, we define the new variables 
7 and tas 


F=r, t=t+ (1.17) 
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We find that the Equations (1.1)—(1.15) remain invariant under the above 
transformations (1.17). Therefore, a new set of infinitesimals in terms of new 
variables 7 and t, is obtained as 


X = (@22 + 2a)r, yp =at 
S = (ai +a) p, V= a +a)v, 
1 
P = (ay, + 2092+ 3a)p, E= 5 (On + 2a22 + 3a) h, (1.18) 
F = (8a22 + 4a)m 


The invariant surface conditions given in [12] are as follows: 


W pt+ X Pr =S, ~Vutxuy =U, wpt+xPr = P, 
Whet+txhr=E, Wm+xm, =F. (1.19) 


The equations in (1.18) together with Equation (1.19), after performing 
integration, yield the following forms of the flow variables: 


p=tUt) re), v = t°-) G6), 
patPEH SD) PO), b= 88?) BV), (1.20) 
m = t) FS), 


where 
a22 + 2a 


6 = ———_. (1.21) 
a 
The functions S ; U, P. EandF depend only on the similarity variable €, 
which is determined as 


Tr 
f=. (1.22) 


Since the shock must be a similarity curve and at the shock, the value 
of € is constant. Hence, without any loss of generality the shock may be 
normalized at € = 1. Therefore, at € = 1, the expression for the shock path 
and the shock velocity V are given as 


R(t) =0°, V=—. (1.23) 
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At the strong shock, € = 1, we have the following expressions for the 
functions p, v, p, h and m: 


pleas = t+ 2) §(1), ven = t°-) G1), 
plea = tC) BOL), gn = 22H) BC), (0.24) 
mie =t?-?) PA), 


From the invariance of jump conditions, we obtain the following forms of 
po(r) and mo(r): 
po(r) = per®, mo(r) = mer", (1.25) 
and at the shock € = 1, the boundary conditions on the functions gS , U f P, E ; 
and F are obtained as follows: 


a 1 
U(1) = (1— 6)6, S(1) = gre 
~ 1 eae is 1 
Pl) = |(1-6)+ 2M uy B2 0” pe, E(1) = Map 
(1.26) 
F(1) = me, 
together with 
P= On ro _ 3022 + 4a (1.27) 


a2 + 2a’ ? a22 + 2a’ 


Equation 1.26(iii) shows that for the existence of a similarity solution, it is 
necessary that 1/4 must be constant, which implies that 6 and @ are not 


independent, but rather 
66+ 2(6 —1) =0. (1.28) 


Using Equations (1.22), (1.23) and (1.25), we obtain the Equation (1.20) 
in the following forms: 


(t)S*(é), v=VU*(8), 
p=p(RO)V2P(6),  h=pil?VE*(6), (1.29) 
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where S*(¢) = 72, U*()= 4, P(e) = BE, EME) = AY and 


eG eee 

Substituting Equation (1.29) in the system (1.1) and_ using 
Equations (1.21), (1.23) and (1.29), we obtain the system of ordinary ODEs 
in terms of S*, U*, P*, E* and F*, which on dropping the asterisk sign 
becomes 


50+ (U-6)S'+SU'+ = 5 =0, 


fe NOT = , pe? Gm. = 
(U -—6)U'S 4 Oe Cee, ages eg Pe 
w-oe'+ [Feu |e+ |S 4 ole, (1.30) 
2 
ps SORE 5 AG 
Me 
) 2(6 — 1 iS 
(U —£)P 4 | ( 5 ) + (1 yi| P-7PU-9% =0. 
For the strong shocks, the R-H conditions are given by 
1 
Udy Sap) Oa 
Pa)=|0-8+a0- Fe), BW =qRy 031 
i * ong p)| “Map 08) 
LY) = 1. 


Case 2: Let us consider the case when a = 0 and ag2 ¥ 0. Therefore, a new 
set of infinitesimals is obtained as 


) (a22) r, V = b, 
S = (an) p, V = (a22) v, 
1 
P=(ai1+2022)p, E= 5 (ou + 2a22) h, (i32) 
F= (3022) m 


The equations in (1.19) together with Equation (1.32), after performing 
integration, yield the following forms of the flow variables: 
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p=e™ S(6), v= OO), 
p= cP) P(E), — ha=erPH BE), (1.33) 


where 
6=—. (1.34) 


Similarity variable €, the shock path R(t) and the shock velocity are 
given as 7 
=e op, Ri) = eb V= be, (1.35) 


Therefore, the flow variables p, v, p, h, m, po(r) and mo(r) are obtained 
in the following forms: 


p = po( R(t) S*(€), v=VU"(), 
p= polR(t))V? P(E), h= pg?V ENE), 
m = mo(R(t)) F*(g), 
po(r) = per, mar) jmer", (1.36) 
ga cu 7 = 3, 
a9 


where $*(6) = 5B, UNE) =, PMG) = jag EM) = Fre and 
* B 
F(¢) = Be. 
From Equation (1.35), we see that the shock path is exponentially varying. 
Substituting Equation (1.36) in the system (1.1), we obtain the following 


system of ODEs after suppressing the asterisk signs 


2 
50+ (U -8)5'+ SU += 5 =0, 


E* Gm 
— €)U’ P'4y,EE +4? oPg = 
(U-9U'S+US+P' +p z + ap S=0, 
(U —€)E' + ( - u'\E+ (1 + 5) E=0, (1.37) 
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2 
pn St Pee gg, 
Me 
Ss’ 
(U-OP'+2+(0-1)0])P-yPU -8)y =0, 
For the strong shock, the R-H conditions are given by 
1 

U(1) = (1-8), os ea 
PQ)=|0-D)+5q0-a), BO)=zq 38) 

7 2M3 B’\’ ~ Map’ 
PO) = 


The system (1.37) together with the jump conditions (1.38) may be solved 
for the shock of infinite strength. 


1.5 Imploding Shocks 


In this section, we consider an imploding strong shock for the case 1 in 
neighborhood of implosion, when an imploding shock is about to collapse 
at the centre or axis, we assume the origin of time ¢ to be the instant at which 
the shock reaches it, thereby ¢ < 0 in (1.30). Thus, slightly modification has 
been made in the expression of the similarity variable using the following 
transformations: 

€é=r/(-t), R=(-t). (1.39) 


Therefore, the intervals of the flow variables become —co < t <0, R< 
r <ooandl < € < oo. At any finite radius r, the gas density, pressure, 
velocity and the speed of sound are bounded. At the instant of collapse, where 
t = Oand € = ow for finite r, for the variables u, p, p, h and m to be bounded, 
we have the boundary conditions at € = oo given as follows: 


U(wo) =0, —~=0, S~“=0. (1.40) 


The system (1.30) can be written in the form of matrix as: 
AW’ = B, (1.41) 


where W = (S,U, P, E, F)", and the matrix W, column vector B can be 
determined from the system (1.30). It may be noticed that the system (1.30) 
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have an unknown parameter 6, which cannot be obtained from the dimen- 
sional considerations; it has to be computed from a non-linear eigenvalue 
problem for a system of ODEs only. Now, the system (1.41) is solved for 
the variables U’, $’, P’, E’ and F’ using the Cramer’s rule in the following 
manner: 

Ai 


A> ae 


‘=== ae PS ee 1.42 
U A z) S IX 9 A 9 IX ’ A ’ ( ) 
where A represents the determinant of matrix A and is given by 
(yP +E’) 


A=-(U—€)|U-€? 


re ; (1.43) 
and A; (k = 1,2,3,4,5) are the determinants determined by replacing the 
corresponding Ath column of A with column vector B. In the interval [1, 00), 
it may be noticed that U < €.So, A > Oat€é = LlandA < Oat & = o, which 
implies that there exists a € € [1, 00) at which A becomes zero. Therefore, 
the solutions of the system (1.42) becomes singular. Hence, for obtaining a 
non-singular solution of (1.41) in the interval [1, 00), we choose the exponent 
6 in such a manner that A vanishes at a point, where the determinants Aj, 
Ao, Ag, A4 and As also vanish simultaneously. To obtain such value of 
exponent 6, we first introduce the variable Z as 


P+pE? 
a(é) = |(u -e2 - 0 *# ), (1.44) 
whose first derivative, in view of (1.42), is 
dZ A3+2uEA P+yE? 
(1.45) 


Therefore, the Equation (1.42), with the help of Equation (1.45), become 
dU A, dS Ag dP_ Ag dE Ay dF _ As 
da We do Ae de Le a DG AG 


where 


hae (2 ~ (A: - A) 


(yAs+2EAs) | (yP+HE’) , 
5 | S2 i 


with 
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1.6 Results and Discussion 


On integrating Equation (1.46) for 1 < € < oo by assigning some value to 
6, we obtain the values of S,U, P, EF, F and A, at Z = 0. By successive 
approximations, the value of 6 is improved in such a way that for its final 
value, the determinant A, vanishes at Z = 0. The computed values of 6 
are listed in Table 1.1 for different values of similarity exponent @ and +. 
and ¥ are also satisfy the relation (1.28). It is observed from Table 1.1 that 
the value of similarity exponent 6 decreases with an increase in the value of 
0. The values of ., me, Ma, and y have been taken as pe = 1, me. = 1, 
M;,” = 0.01,0.02, y = 4/3, 7/5. The effect of magnetic field on the flow 
behind the shock are significant when M;? > 0.01 (see [9]). 

The expressions of the flow variables, obtained from Equation (1.42), 
where the shock wave collapse at t = 0, X = 0(t = 0,r £ 0,€ = ov), 
are given as 


Sw Cis Uw ee oe Pw £206-1)/8 Ew ge) s as € + 00, 
(1.47) 
where C’, is a constant. 

From the expressions in (1.47), we observe that the velocity U and the 
pressure P tend to zero as € — ov, at the instant collapse due to value of 6 
smaller than unity, while the density S' remains bounded thereat. The system 
(1.42) is integrated in the range 1 < € < oo and the profiles of the variables 
p, u, p, h and m are illustrated in Figures 1-10. The numerical solutions 
of flow variables in the neighborhood of € = oo are consistent with the 
asymptotic results. For numerical calculations, we have taken the values of 
constant parameters as j2 = 1.25663753 x 10~° and G = 6.67408 x 107". 


Table 1.1 Values of Similarity exponent 6 for different values of 7 and ambient density 
exponent 0 


Mx? y B 0 Computed 6 
0.01 4/3 0.1658040 0.571250 0.7778317 
1.111110 0.64285737 
0.02 4/3 0.1851492 0.593750 0.771084337 
1.100001 0.64516108 
0.01 15 0.1859448 0.547890 0.78496324 
1.000680 0.6665 15589 
0.02 75 0.2104281 0.568750 0.7785888 


1.000050 0.6666555 
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When we go towards the centre of collapse, from the flow profiles 
shown in Figures 1-10, we observe that the flow variables density, pressure, 
magnetic field and the mass increase with an increase in the value of density 
exponent 6 behind the shock whereas the velocity decreases. The gas particle, 
which passes through the shock leads to the compression of shock, which 
increases the density, pressure and magnetic field behind the shock and it 
may also attributed to the area contraction or the convergence of the shock 
wave. From Table 1.2, we observe that the value of 6 (density ratio) across the 
shock front increases with an increase in the value of + i.e. the shock strength 
decreases. All the flow variables increase y increases (see Figures 1.1—1.5). 


Table 1.2. Values of density ratio 8 across the shock front for different values of 7 and M;? 


7 Mx? 8 
0 0.1428571 
4/3 0.01 0.1658040 
0.02 0.1851492 
0 0.1666667 
7/5 0.01 0.1859448 
0.02 0.2104281 
0 0.2481203 
5/3 0.01 0.2592906 
0.02 0.2700677 


Density 


100 - 
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eemiecee y = 7/5, MP =0.02 


y = 4/3, Me=0.02 
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\ 
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Se y = 7/5, M?=0.01 


——— y = 4/3, M?=0.01 
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40 


. 1 1 . 1 VE 
0.0 0.2 0.4 0.6 


Figure 1.1 Flow pattern of density. 
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Velocity 
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------ y = 1/5, MP =0.02 
y = 4/3, M?=0.02 
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— — — y=7/5,MP?=0.01 


—_——- y=4/3, M?=0.01 


0.6 


04 


0.2 
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Figure 1.2 Flow pattern of velocity. 


Pressure 
2.057 
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Figure 1.3 Flow pattern of pressure. 
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Magnetic Field 


2.0 - 
Bo”—C ze y = 7/5, M?=0.02 
L y = 4/3, M?=0.02 
15; ——— ) y=7/5,M?=0.01 
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Figure 1.4 Flow pattern of magnetic field. 
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Figure 1.5 Flow pattern of mass. 
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1.7 Conclusion 


In this work, we have used the method of Lie group on the system of 
equations describing the flow in a self-gravitating gas. By using the invariance 
condition of Lie group method, we have obtained the determining equations 
for the system 1.1 and with the help of these determining equations, we have 
obtained the infinitesimal generators. An ordinary differential equations’s 
system is obtained with the help of infinitesimal generators and then, the 
system of differential equations together with the jump conditions (1.31) is 
solved by using the fourth order Runga-Kutta scheme for different values of 
ambient density 0 and for specific heats ratio y = 4/3, 7/5, which are shown 
in Figures 1.1—1.5. On the basis of this study, we can conclude that the shock 
wave, which exist in a self gravitating ideal gas, decreases in strength while 
propagating towards the centre of collapse. 
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The present analysis involves the exploration of an unsteady, two-dimensional 
boundary layer flow of viscous electrically conducting Cu — water nanofluid 
nearby a stagnation point towards a stretched surface in the presence of 
a magnetic field. The influences of Navier’s slip condition, viscous dissi- 
pation, and Joule heating are also considered. Governing nonlinear partial 
differential equations are transformed into nonlinear ordinary differential 
equations by employing convenient similarity transformations. A Galerkin 
finite element method of the linear weighting function is used to solve the 
reduced boundary layer equations. Fluid flow and fluid temperature for the 
impacts of solid volume fraction, unsteadiness parameter, magnetic param- 
eter, stretching parameter, velocity slip parameter, and Brinkmann number 
are investigated and presented in graphical form. The influences of relevant 
parameters on wall shear stress and the rate of heat transfer are given through 
the table and discussed in detail. Furthermore, dual solutions obtained in 
velocity profile, temperature profile, velocity gradient, and heat transfer rate 
for negative values of unsteadiness parameter. 
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2.1 Introduction 


In unsteady flow, properties and conditions associated with the fluid motion 
depend on the time. It appears in a variety of natural conditions such as flow 
due to flapping wings of birds, pulsating flow in arteries and flows in the 
heart. Unsteady flow conditions play a vital role in some engineering areas 
of hydrodynamics and aerodynamics. Influences of unsteady emerge either 
over to fluctuations in the surrounding of fluid or over to body self-induced. 
Study of unsteady flow of non-Newtonian fluid is analyzed by Erdogan 
and Imrak [1], while Jat and Chaudhary [2] utilized the impacts of viscous 
dissipation and Joule heating on unsteady flow along to a stretchable surface. 
Further, several researchers such as Huang and Ekici [3], Chaudhary et al. [4], 
Yu and Wang [5], Oglakkaya and Bozkaya [6], and Talnikar and Wang [7] 
investigated about the problems of unsteady flow. 

Analysis of the dynamics of electrically conducting fluids namely clued 
plasma, salted water, liquid metals, and electrolytes is known as magnetohy- 
drodynamics (MHD). Some applications in broad fields of various research 
disciplines ranging by geo-physical flow to the industrial applications are 
like as technology of thermo nuclear reactor, power generation reservoirs 
and lakes, electronic devices cooling process, crystal growth, solar collector, 
flow meter and metal casting. A magnetic field may cause currents in an 
electrically conducting fluid in MHD and so fluid creates a Lorentz force that 
declines the fluid velocity. This type of situation is called a retarding impact 
of magnetic field on the fluid motion. Akyildiz and Vajravelu [8] developed 
the boundary layer flow of a viscous fluid in the presence of a magnetic 
field. Moreover, Jat and Chaudhary [9], Bandyopadhyay and Layek [10], 
and Mistrangelo and Buhler [11] reported the studies on MHD flow under 
the different considerations. Some recent investigations on MHD flow with 
various geometries are consulted by Eegunjobi and Makinde [12], Chaudhary 
and Choudhary [13], and Ali et al. [14]. 

The motion of fluid nearby a stagnation point interprets the stagnation 
flow, which exists for all solid bodies that can be a move in a fluid. Greater 
pressure, heat transfer, and the mass deposition rates are encountered by the 
stagnation domain. Basically, cooling of transpiration, solar central accepter 
uncovered to wind currents, melt spinning process, metals continuous casting 
and different achievement in hydrodynamic in engineering procedure are the 
physical implications of the stagnation point flow. Primarily, steady two- 
dimensional boundary layer flow near a stagnation point due to the stretching 
area has been presented by Reza and Gupta [15]. Until, Kumari and Nath 
[16], Khan et al. [17] and Akbar et al. [18], who have discussed extensively 
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on the field of stagnation point flow. Latterly, Chaudhary and Choudhary [19], 
and Merkin and Pop [20] addressed the recent analysis in this area. 

Nanofluid is a material, which is the mixture of solid nanoparticles 
with the diameter size 1 to 100 nm and the engineered colloidal fluids. 
Solid nanoparticles are generally taken with the made by metals, carbon 
nanotubes, oxides, and carbides, while conventional fluid is considered typi- 
cally as water, ethanol, oil and ethylene glycol. This type of material is used 
to increase the convection heat transfer accomplishment and to evolve the 
thermal conductivity of the ordinary fluid. Nanofluid flow has an enormous 
phenomenon in some concepts such as fibers spinning, metallic sheets cool- 
ing in a cooling bath, production of paper, aerodynamic extrusion of rubber 
sheets, crystal growing and many other topics of industrial applications 
and technologies. The term nanofluid is created by Choi [21]. After that, 
Keblinski et al. [22] presented the discussion on the heat flow by the suspen- 
sion of solid nanoparticles in the fluid. Consequently, nanofluid flow can be 
quoted by the explorations of Chein and Chuang [23], Turkyilmazoglu [24], 
Safikhani and Abbasi [25], Sheikholeslami and Rokni [26], and Bezaatpour 
and Goharkhah [27]. 

A lot of researchers have created an interest to analyze the fluid flow 
towards a stretching sheet. This type of flow is useful in many industrial 
processes, specifically, drawing of wire, paper production, hot rolling, glass 
fiber, polymer plates manufacturing and polymer extrusion of plastic sheets. 
Also, stretching flow investigations have done a good effort to boost the infor- 
mation in this area along to the different situations including the assumption 
of the permeable surface, heat and mass transfer, slip impacts and the MHD 
flow. The study of thermo-fluid includes significant heat transfer between 
the surface and the enclosing fluid for the glass fiber and plastic plates 
manufacturing. There are two ways to improve the mechanical properties 
of fiber and plastic sheets such as the rate of cooling and the extensibility 
of the sheet. Accordingly, fluid flow past a nonlinear stretching surface is 
examined by Vajravelu and Cannon [28]. By varying the stretchable sheet, 
Jat and Chaudhary [29], Narayana and Sibanda [30], Mustafa et al. [31], and 
Babu and Sandeep [32] analyzed the flow situations with several configura- 
tions. However, very recently, Chaudhary and Choudhary [33], and Aly [34] 
explored the realistic models by applying the stretching surface effect 

The chief goal of this analysis is to extend the study of Malvandi 
et al. [35] with the considerations of viscous dissipation and Joule heating in 
the presence of transverse magnetic field along to the Cu — water nanofluid. 
Galerkin finite element method is utilized to solve the ordinary differential 
equations, which is obtained by applying the convenient similarity variables. 
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2.2 Formulation of the Problem 


The unsteady two-dimensional flow of copper-water (C’u — water) nanofluid 
over a stagnation region along a stretchable plate is considered. Nanofluid 
is taken viscous, incompressible and electrically conducting. There is no 
thermal equilibrium and no slippage occurs between the base fluid water and 
the suspended nanoparticles C’u. Values of thermophysical characteristics of 
used materials are given via Table 2.1 followed by Kalteh [36]. Moreover, a 
Cartesian coordinate system (x, y) is assumed, where x and y are the coordi- 
nates measured along to the surface and perpendicular to it, respectively and 
fluid is confined in the upper half plane y > O as shown in Figure 2.1. The free 
ax 


stream velocity and the velocity of the stretching plate are U. = Ga) and 


Uy = aa) respectively, where a, b and c are positive constants, and t is the 
time. It is also surmised that the temperature at the surface and ambient fluid 
temperature are T,, and TJ, respectively. The flow is related to a uniform 
magnetic field with strength Ho, which is applied in the normal direction 
of the flow. Values of the magnetic Reynolds number is taken small, which 
tends to neglect the induced magnetic field. Under the above considerations, 


the governing equations of the continuity, momentum, and energy are 


Table 2.1 Thermophysical properties of used materials in present study 
Materials « (W/mK) p(Kg/m?) Cp(J/KgK)  o-(S/m) 


Water 0.613 997.1 4179 0.05 
Cu 400 8933 385 5.96 x 10° 
Yn 


Stagnation point 


Figure 2.1 Flow configuration. 
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Ou Ov 
a (2.1) 
Ou Oe poe _ We LU Woo , i Oru Ou 
at Ox) (Oy.SCOt (de | CO Nn? Oy? 
‘ 2H? 
(a ng He o (u Use) (2.2) 
Pnf 


or. OF. OF OL OPN du\* 
(PC) ng at 1 ot Be T "By — Knf Ax + Oye { Lnf By 
= (Ce) np eH (u— Usa) (2.3) 


along to the appropriate boundary conditions 


v= 0, u=Uy +uNvi&, T=Ty at y=0 


2.4 
u>rUy, T>Ts as yoo eo) 


where subscript nf denotes the thermophysical properties of nanofluid, u and 
uv are the velocity components in the x and y directions, respectively. vu = . is 
the kinematic viscosity, ju is the coefficient of viscosity, p is the density, co; is 
the electrical conductivity, jie is the magnetic permeability, C’, is the specific 
heat at constant pressure, T’ is the temperature of nanofluid, « is the thermal 
conductivity and JN is the initial value of velocity slip factor. 

Further, thermophysical characteristics of nanofluid secured to spherical 
shape solid nanoparticles are coefficient of viscosity, density, electrical con- 
ductivity, thermal conductivity, and heat capacitance given by Kalteh [36] are 
detailed as follows 


_ Mf 

Unf = a - go? (2.5) 
Pnf = (1— ¢) pf t+ Ops (2.6) 

30 [(oe) 5 — (e).| 
(Celng = 91 (oc), 2.7) 

2(e)7 + (20), + [(0e) 5 — (ae),| 

_ 36 (KF — Ks) 

(PCy) np = (1 — &) (Cp) ¢ + 6 (PCy), (2.9) 
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where subscripts f and s indicate the physical characteristics of the base fluid 
and solid nanoparticles, respectively and ¢ is the solid volume fraction of 
nanoparticles. 


2.3 Similarity Transformation 


Defining the stream function 7 (zx, y, t) such that u = oe and v= —5", 
which satisfies the continuity Equation (2.1), the similarity variable 7 
and the non-dimensional temperature @(7) in the following form as 
(Malvandi et al. [35]) 


b= f “Lot (2.10) 

n= EE (2.11) 
Taw 

(0) = =—> (2.12) 


where f(7) is the dimensionless stream function. 

After introducing Equations (2.10) to (2.12) into the momentum and 
energy Equations (2.2) and (2.3) with the boundary conditions Equation (2.4), 
reduce to the following non-dimensional nonlinear differential equations 


1 A 1 (Je)n 
rne(s n) i" CEA) ( Int ng ( 1)+A+1=0 
FE E> 2 E» (ce) p 2 13) 
n A ]. Ce)n 
“nf 9" 4. Bs Pr (4 n) 6’ + Br gr 4 (Cedns (f' 1)? ~0 
Kf 2 Fy (Ce) p 
(2.14) 
subject to the corresponding boundary conditions 
f=0, 7 Seay seal at 7=0 (2.15) 


fi71,030 asn->o@ 


where E, = (1—¢)°?, Ey = 1- + o%, B3 = 1-6 + oe. 


dy 

prime (’) denotes the differentiation with respect to 7, A = < is the 
ce) pueHgusRe . ; 

unsteadiness parameter, M = ee is the magnetic parameter, 
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; Cc. F 
hes= ary is the local Reynolds number, Pr = “ ce t ig the Prandtl 
2 
number, Br = sth is the Brinkmann number, ¢ = B is the stretching 


parameter and \ = v N 0a is the velocity slip parameter. 


2.4 Local Skin Friction and Local Nusselt Number 


The physical quantities of practical interest in this investigation are the local 
skin friction coefficient Cs and the local Nusselt number Nu, which are 
given as 


Ou 
Ces Hef (a 


f= UE (2.16) 
2 
ener ae 
Nu= — (2.17) 
Kip Ty = Tes) 


By using the dimensionless variables Equations (2.10) to (2.12), the physical 
quantities Equations (2.16) and (2.17) can be defined as 


y) 

Cr= "(0 2.18 

f EiJRe! (0) (2.18) 

Nu= “LV Re 6! (0) (2.19) 
f 


2.5 Method of Solution 


Galerkin finite element method is applied to solve the nonlinear ordinary 
differential Equations (2.13) and (2.14) with the relevant boundary conditions 
Equation (2.15). Convenient finite value for the far field boundary conditions 
max = 4 is assumed for the computational procedure. 


Introducing 
aa) (2.20) 
then the Equations (2.13) and (2.14) are reduced into the following forms 
1 A 1 (ce) 
ats ( iw h+A)h "i M(h-1)+A+1=0 
EB pei ( eas Cr (h— 1) 


(2.21) 


www.EngineeringBooksPDF.com 


30 Dual Solutions for Finite Element Analysis of Unsteady Hydromagnetic 


1 (de) 
hn’? + —"! vf (h—1)?| = 


nf gt 4. Bs Pr (1 =") 6’ + Br 
Kf 2 


with the reduced boundary conditions 


f=U,h=e+ an 6=1 at 7=0 


h->1,0>0 as n> oc G2) 


The variational form of Equations (2.20) to (2.22) over an individual line 
element (17-, e+1) is express as follows 


Ne+1 
i wi (f’ —h) dn =0 (2.24) 
ar 1 " | A / 
i we Fae | (4 ayn (h+ A)h 
; ont ah 1)+A+4+1] dn= 
PNAS (2.25) 
Ne+1 
/ we { SLO" BaPt(s—Sn)6 
Ne Kf 


Ae 4 Mh v ! dn =0 
ie (oe) (2.26) 


where w 1, wz and w3 are weight functions related to functions f, h and 0 
respectively. The finite element approximations of the functions f, h and @ 
are summarized as f = eet ee a Sean hizo, 2 = ae 65.9; with 
Wi W2 W3 Yi» (2 1, 2), 

Where y; are the shape functions for a typical linear element (77, Ne+1) 
and are taken as 


(e) _ Ne+1 — 1) (e) 2 — Ne 


Pi » Pg = > Ne SNS Neti 
Ne+1 — "Ne Te+1 — Te 
Hence, the finite element model of the Equation (2.24) to (2.26) is given by 
[AM] [K™] [A] Ads {b'} 
[A7") [kK] [79] {h} | = | {0°} (2.27) 
[A] [Kk] [K*] {9} {b°} 
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where [/”"”"] and [b”] (m = 1, 2 and n = 1, 2) are defined as 


Nett 1 dy; dy; _ A dy; 
K? — i a4 a, 
on { Bis de dy 8) a 


= 1 (e)n 
h4 ( nf 4 A eos} 


op) (ce) 


32 da 
le 


Ne+1 Knf dy; dy; >; A dp; 
Ke = | | Sips aad + £3 Pr (F- $n) os dn, 


Kf dn dn 2 
b; = 0, 
1 dh \ "e+! Me+1 | 1 (de) 
p2 = ( ) 1 "fu+A+1] yd 
: FE E> ws dn Ne a E» (Ge) f aa 
= Kn dd Ne+1 le (Fe)n . ia 
and 3 - a (vif) - ee ea, MBreidn with f 


Se fey P= a iw, WS Re. 


31 


The entire flow domain is divided into the 1000 equal size linear elements 
and three functions are to be computed at every node. Therefore, after 
assembly of all element equations, a matrix of order 3003 x 3003 is obtained. 
An iterative process must be utilized for the solution of the constructed linear 
system. After employing the boundary conditions only the system of 2998 
equations remains, which is determined by the Newton-Raphson method 


while maintaining an accuracy of 107". 
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Table 2.2 Comparison for the computational values of f’’(0) and 6’(0) in Cu — water 
nanofluid with earlier published work with M 0.0, € 0.0, » 0.0, Pr = 6.2 and 
Br =0.0 


f"(0) —6'(0) 
ro) A Malvandi et al. [35] Present Results Malvandi et al. [35] Present Results 
0.1 1 1.76039 1.76051 0.46870 0.46933 
0.2 1.82528 1.82549 0.46779 0.46830 


2.6 Method Validation 


Comparison of the numerical values of f”(0) and 6’(0) are made with the 
previously published data Malvandi et al. [35] to measure the precision of the 
proposed method as the Galerkin finite element method. From Table 2.2, it 
is concluded that the present results are in good agreement with the earlier 
published results. 


2.7 Numerical Results and Discussion 


Computational results of the velocity f’(7) and the temperature 0 (7) dis- 
tributions for the impacts of the solid volume fraction ~, the unsteadiness 
parameter A, the magnetic parameter /, the stretching parameter ¢, the 
velocity slip parameter A and the Brinkmann number Br in Cu — water 
nanofluid are discussed graphically in this section. Further, the effects 
of the specified parameters on the surface shear stress f’(0) and the 
rate of heat transfer 6’(0) are presented in tabular form and explained 
in detail. 

Effects of the solid volume fraction ¢ on the velocity f’(7) and the tem- 
perature 0(7) distributions are sketched in Figures 2.2 and 2.3, respectively, 
taking all other controlling parameters constant. These figures showed that 
for the enlargement in the solid volume fraction @, the fluid flow and the fluid 
temperature rise. It is true by the physical analysis that solid nanoparticles 
aggregate the flow resistance, which step-up the fluid velocity. Subsequently, 
an increment in the solid volume fraction tends to enhance the nanofluid 
thermal conductivity, which raises the temperature of the fluid. 

Figures 2.4-2.7 show the velocity field f’(7) and the temperature field 
6(7) for various values of the unsteadiness parameter A, respectively, when 
the value of additional physical parameters are fixed. Figures 2.4 and 2.6 
established that the momentum boundary layer as well as the thermal 
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@ = 0.01,0.04, 0.07, 0.10 


(n) —> 


0.0 0.5 1.0 1.5 2.0 2.5 3.0 
n —> 


Figure 2.2 Plots of velocity field for various values of ¢ with A = 0.5, M =0.1,e =0.1 
and A = 0.1. 


boundary layer boost along to the booming values of the unsteadiness param- 
eter A, although the opposite is happening for 7 > 1.5 in the momentum 
boundary layer. Consequently, it is also observed from Figures 2.5 and 2.7 
that dual solutions exist for the negative values of the unsteadiness parame- 
ter A. From these figures, it is noticed that the fluid flow and the temperature 
grow-up over to the increment in the unsteadiness parameter A for both 
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0.8 


0.7 


0.6 


0.3 


¢ = 0.01, 0.04, 0.07,0.10 


0.2 


0.1 


0.0 
0.0 0.5 1.0 1.5 2.0 2.5 3.0 
Nh > 
Figure 2.3 Plots of temperature field for various values of ¢ with A = 0.5, M = 0.1, 
e=0.1,\ = 0.1, Pr = 6.2 and Br = 0.62. 


first and second solutions. Until reverse is true for first solution branch in 
dimensionless velocity if 7 > 1.4 and for second solution branch if 7 > 0.4, 
while in the second solution, velocity falls down in installment within the 
range of 7 from 0.4 to 0.9. Physically, an enlargement in the unsteadiness 
parameter implies that surface depreciates the heat, which tends the reduction 
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A=0.1,0.5,0.9,1.3 


0.0 0.5 1.0 1.5 2.0 2.5 3.0 
1 — 


Figure 2.4 Plots of velocity field for various values of A with ¢ = 0.04, M =0.1,e=0.1 
and A = 0.1. 


in temperature, but the thermal boundary layer evolves nearby a stagnation 
region. 

Nature of the dimensionless velocity f’(7) and the dimensionless tem- 
perature 6(7) along to the impact of the magnetic parameter / are drawn in 
Figures 2.8 and 2.9 respectively, with the constant value of other parameters. 
As the value of the magnetic parameter M increases, the velocity of fluid 
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Figure 2.5 Plots of velocity field for various values of A with ¢ = 0.04, M =0.1,¢=0.1 
and A = 0.1. 


raises and the temperature of fluid reduces. Because, Lorentz force created for 
the larger values of the magnetic parameter, which force implies the resistive 
development into the motion of the fluid and generates more heat resulting in 
enhancement of the thermal boundary layer. 

Figures 2.10 and 2.11 elucidate the influences of the stretching parameter 
é on the dimensionless velocity f’(7) and the dimensionless temperature 0(7) 
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A=0.1,0.5,0.9,1.3 


0.0 0.5 1.0 15 2.0 2.5 3.0 
1 — 
Figure 2.6 Plots of temperature field for various values of A with ¢ = 0.04, M = 0.1, 
e=0.1,\ = 0.1, Pr = 6.2 and Br = 0.62. 


respectively while remaining physical parameters are taken as a fixed value. 
From these figures, it can be noted that the fluid velocity is the increasing 
function of the stretching parameter ¢, although the fluid temperature is the 
decreasing function of the stretching parameter ¢. This happens because 
the ratio of stretching velocity and the free stream velocity is known as 
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Figure 2.7 Plots of temperature field for various values of A with ¢ = 0.04, M = 0.1, 
e=0.1, \ = 0.1, Pr = 6.2 and Br = 0.62. 


the stretching parameter, and the stretching velocity restricts the velocity of 
free stream and increases rapidly than the velocity of a free stream for raising 
values of the stretching parameter. Thus, the velocity of fluid evolves and 
temperature of fluid reduces as the stretching parameter enhances. 

Behaviors of changing values of the velocity slip parameter A on 
the velocity f’(7) and the temperature 9(7) profiles are exhibited via 
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Figure 2.8 Plots of velocity field for various values of M with ¢ = 0.04, A = 0.5,¢ = 0.1 
and A = 0.1. 


Figures 2.12 and 2.13 respectively, where the other relevant parameters are 
constant. It is noted from these figures that an increment in the velocity 
slip parameter A implies to develop the velocity, whereas the opposite phe- 
nomenon is found in the temperature. This may aspect to the reason that 
distillation in a stretchable surface is partially connected in the fluid towards 
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Figure 2.9 Plots of temperature field for various values of M with ¢ = 0.04, A = 0.5, 
e = 0.1, \ = 0.1, Pr = 6.2 and Br = 0.62. 


the slip condition and heat transfer into the adjacent fluid from the heated 
surface is in less amount. 

Figure 2.14 depicts the influence of the Brinkmann number Br on the 
temperature 0(7) profile, when the other pertinent parameters kept constant. 
It is clear from this figure that the temperature rises over to the increasing 
value of the Brinkmann number Br. This is owing to the impact of the 
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€ = 0.1,0.3,0.5,0.7 


f(n) —> 


0.0 0.5 1.0 1.5 2.0 2.5 3.0 
i —> 


Figure 2.10 Plots of velocity field for various values of ¢ with ¢ = 0.04, A = 0.5, M = 0.1 
and A = 0.1. 


viscous dissipation on the fluid flow leads to the enhancement in energy, 
that adaptable a larger fluid temperature and also higher buoyancy force. 
Along to the increasing value of the dissipation parameter, an enlargement 
in the buoyancy force implies the development in the thermal boundary 
layer. 
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Figure 2.11 Plots of temperature field for various values of c with ¢ = 0.04, A = 0.5, 
M =0.1, A = 0.1, Pr = 6.2 and Br = 0.62. 


Table 2.3 exhibits the wall shear stress f”(0) and the rate of heat 
transfer 0’(0) for the effects of the solid volume fraction ¢, the unsteadi- 
ness parameter A, the magnetic parameter M, the stretching parameter e, 
the velocity slip parameter \ and the Brinkmann number Br in Cu — 
water nanofluid along to the remaining specified parameters are fixed. 
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A = 0.1,0.3,0.5,0.7 


0.0 0.5 1.0 2.0 25 3.0 


1.5 
n—> 
Figure 2.12 Plots of velocity field for various values of \ with ¢ = 0.04, A = 0.5, M = 0.1 
ande = 0.1. 


It is also observed from Equations (2.18) and (2.19) that f”(0) and 0’(0) 
are proportional to the local skin friction Cy and the local Nusselt number 
Nu respectively. From this table it is noted that along to the enhanc- 
ing values of the solid volume fraction ¢, the unsteadiness parameter A 
and the magnetic parameter M, the wall shear stress and the wall heat 
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Figure 2.13 Plots of temperature field for various values of X with 6 = 0.04, A = 0.5, 
M =0.1, ¢ = 0.1, Pr = 6.2 and Br = 0.62. 


flux develop, while reversal impact is found for the increasingly chang- 
ing values of the stretching parameter ¢ and the velocity slip parame- 
ter A. It is also interesting to note that the local Nusselt number rises 
for the raise in the Brinkmann number Br. Physically, all negative val- 
ues of the rate of heat transfer imply that there is a heat flow to the 
plate. 
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Figure 2.14 Plots of temperature field for various values of Br with ¢ = 0.04, A = 0.5, 
M =0.1, ¢ = 0.1, \ = 0.1 and Pr = 6.2. 


Dual solutions for the negative values of the unsteadiness parameter A on 
the wall shear stress f” (0) and the rate of heat transfer 0’(0) are presented by 
Table 2.4, keeping other associated parameters fix. According to this table, the 
surface shear stress and the surface heat flux grow-up along to the increasing 
value of the unsteadiness parameter A for both solution branches like as first 
and second solution. 
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Table 2.3 Numerical data of f’(0) and 6’(0) for various values of the considering 
parameters in C'u — water nanofluid with Pr = 6.2 


@ A M «¢ AX Br f"(0) —@(0) 
0.01 O05 O11 O11 O11 0.62 1.18824 0.78782 
0.04 1.25216 0.76331 
0.07 1.29938 0.73481 
0.10 1.33322 0.70391 
0.04 0.1 1.17653 1.01316 
0.9 1.32279 0.47363 

1.3 1.38897 0.13122 

0.5 1.0 1.42605 0.72194 

2.0 1.58636 0.68533 

5.0 1.95172 0.60787 

0.1 0.3 1.00733 1.00807 

0.5 0.74194 = 1.22201 

0.7 0.45787 = 1.40427 

0.1 0.3 1.00584 1.00941 

0.5 0.83284 = 1.15398 

0.7 0.70783 1.24625 

O.. 1.24 1.25219 0.51727 

1.86 0.27117 

2.48 0.02504 


Table 2.4 Dual solutions of f”(0) and 6’(0) for different values of A in Cu — water 
nanofluid with ¢ = 0.04, M = 0.1,¢ = 0.1, A = 0.1, Pr = 6.2 and Br = 0.62 


=f" (0) —6'(0) 
First Solution Second Solution First Solution Second Solution 
—A Branch Branch Branch Branch 
1.0 —0.93641 1.04512 1.57037 —0.59275 
1.5 —0.80759 1.50660 1.78154 0.14006 
2.0 —0.66238 1.77090 1.97333 0.57981 
2.5 —0.49615 1.91850 2.14785 0.94158 


2.8 Conclusions 


In this chapter, the influences of the magnetic field and the Navier’s slip 
condition on the boundary layer flow of C’u — water nanofluid nearby a 
stagnation point over a stretching surface are discussed. Governing boundary 
layer equations are transformed into coupled high-order non-linear ordinary 
differential equations by applying the similarity variables. Resulting equa- 
tions are solved numerically by using the Galerkin finite element method 
from Matlab software. A summary of the conclusion drawn by the analysis is 


as follows: 


www.EngineeringBooksPDF.com 


References 47 


1. Influences of the rising values of the solid volume fraction, the unsteadi- 
ness parameter, the magnetic parameter, the stretching parameter and 
the velocity slip parameter lead to raise the dimensionless velocity, the 
dimensionless temperature, the local skin friction and the local Nusselt 
number, whereas reverse effect is found in the fluid flow for 7 > 1.5 
for the unsteadiness parameter and also reverse phenomenon occur 
for booming values of the stretching parameter and the velocity slip 
parameter in the dimensionless temperature, the local skin friction and 
the local Nusselt number. Further, for the rising values of the magnetic 
parameter, the temperature of fluid declines. 

2. Dual solutions exist for the negative value of the unsteadiness parameter. 
An enlargement in the unsteadiness parameter implies that the momen- 
tum boundary layer, the fluid temperature, the surface shear stress and 
the surface heat flux are the increasing functions for both solution 
branches, while momentum boundary layer decreases for 7 > 1.4 in 
first solution branch and also reduces for 7 > 0.4 in second solution 
branch. It is also noted that fluid flow falls partially within the range of 
7 from 0.4 to 0.9 for second solution branch. 

3. Thermal boundary layer thickness and the rate of heat transfer evolve 
with an enhancement in the Brinkmann number. 
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This chapter is aimed at regional and local verification of global mod- 
els of the methane cycle. Models of the atmospheric balance of CHy4 are 
considered, key emission sources are estimated, and possibilities of forecast- 
ing of methane atmospheric concentrations using satellite observations are 
demonstrated. Partial refinement of the modeling approaches to assessment 
of emissions components is proposed based on the results of local observa- 
tions. Models variables, which can be controlled using satellite tools, were 
determined. Key trends of methane atmospheric concentrations over Ukraine 
during the observation period have been determined on the base of analysis 
of SCIAMACHY/Envisat and AIRS & AMSU/Aqua satellites data in the 
context of observed climate changes. Basic spatial and temporal parameters 
of the distributions were assessed. Maps of the distributions are prepared and 
demonstrated. Calculated distributions have been coupled interpreted with 
data on the distribution of MODIS-generated vegetation and water spectral 
indices in the framework of constructed models of methane balance. As 
the result of integrated interpretation, the conclusion on the key drivers of 
atmospheric methane dynamics over Ukraine are proposed, as well as the 
conclusions on the improvement of modeling and monitoring methods. 
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3.1 Introduction 


Among the others applied mathematical problems a decision making for 
the risk analysis is one of most urgent and complicated [1]. A correct and 
comprehensive solution of this complex problem often requires modeling of 
impacts and drivers of the disastrous processes [2]. In particular, to analyze 
a complex ecological risk or climate-related risks we need to model many 
natural and human-made processes, to estimate corresponding uncertainties 
and errors [2, 3]. As the many studies demonstrate, correct carbon cycle 
analysis is a key component of correct climate change scenarios, and so the 
systems of climate-related risk assessment both on a local and regional scale 
[3, 4]. And if the cycle of the carbon dioxide we may calculate key parameters 
with the suitable reliability and accuracy, the methane cycle still essentially 
uncertain, especially on the local level [5]. 

Methane (CHz,) is the second most important anthropogenic greenhouse 
gas, currently contributing about 30% the anthropogenic radiative forcing of 
COz [6]. 

Dominant sources of CH, to the atmosphere include fossil fuel extraction 
and use, wetlands, ruminants, rice agriculture, and landfills [6]. 

According to the National Inventory Report [7], in Ukraine methane 
emission is about 20% of the total emission. Data of the Report shows that 
national methane emission is continuously decreasing. But, at the same time, 
the report declares, that uncertainty of data (aleatoric uncertainty) is about 
30-35%, and uncertainty of forming parameters (epistemic uncertainty) is 
150%. Such a situation requires the development of approaches and models 
to reduce uncertainties and to improve the assessments. This is a complex 
task, includes using novel instruments, utilization of different data sources, 
and application of sophisticated models. 

Different sources of emissions have a different nature and characterize 
by varied reliability. Industrial sources are the object of traditional inventory, 
its uncertainty is controlled, and the reliability of its analysis depends on the 
quality of monitoring [3]. 

At the same time, about 40% of about 500-600 TgCH, per year emitted 
to the atmosphere globally is originated in wetlands, and about 5% is oxidized 
in unsaturated soils. Correctness and reliability of control of this component 
are depending not only of monitoring quality but of the model’s adequacy. 

Over the past several decades, the atmospheric CH, growth rate has 
varied considerably, with changes in fossil fuel emissions [8, 9], atmospheric 
sinks [6], and fertilizer and irrigation management proposed as explanations 
(Figure 3.1). 
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Figure 3.1 Methane estimated sources. 


It is important that the methane emissions from terrestrial ecosystems 
have the potential to form positive feedbacks to climate change. 

Wetland ecosystems are of particular concern since they are expected to 
experience large changes in temperature and precipitation and contain large 
amounts of potentially labile soil organic matter that is currently preserved 
by anoxia [10]. The largest wetland complex in the world resides at high 
latitudes [11] and contributes 10-30% of global CH, emissions from natural 
wetlands [12], but the contribution of moderate wetlands still estimated not 
enough accurate, especially in view of observed climate changes in the 
moderate zone. 

Interactions of wetland systems with expected 21st century climate 
change could result in changing CH, emissions through several mechanisms: 


e thawing permafrost releasing currently dormant soil carbon for degrada- 
tion [10] and altering surface hydrology via thermokarst [13]; 

e changes in the kinetics of soil biogeochemistry with increasing 
temperature [14]; 

e changes in hydrology interacting with peat properties and active layer 
depth [15]; and 

e changes in net primary productivity (NPP) and plant type 
distributions [16]. 


In addition to these decadal-scale changes, the net terrestrial CH, sur- 
face flux depends non-linearly on very dynamic (i.e., time scale on the 
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order of an hour) interactions between CH, production; CH, oxidation; 
aqueous, gaseous, and aerenchyma transport; acid and redox chemistry; and 
the distribution of soil and surface water. This complex set of interactions 
and dependence on system properties is difficult to characterize and model 
globally, making current large-scale CH, emission estimates uncertain. 

However, the potentially large climate forcing associated with changes 
in CH, emissions motivates the development of land models capable of 
characterizing these processes and their interactions with the atmosphere. 

Taking into account importance of the task, the wide range of the models 
were developed: from relatively simple regressions of net CH, fluxes based 
on soil properties and climate [16, 17] to the complex models that include 
details of the various microbial populations that produce and consume CHy4 
in the column and their interactions with substrates, pH, and redox potential, 
in addition to some treatment of the geometry of the rhizosphere and soil 
horizontal heterogeneity [14]. 

Also, a wide range of bottom-up estimates of current CH, fluxes exists in 
the literature. For example, recent study estimates average annual emission 
on the level 31-106 TgCHy for high-latitudes (north of 50°N), and between 
35 and 184 TgCHy, for tropical systems. Also, according to [18] aerobic 
CH, production in living trees could represent a source of 62—236 TgCHy4 
annually. 

High uncertainties of these estimations require harnessing additional 
data, for example, satellite observation and satellite oriented models. Using 
the satellite observations of atmospheric CH, concentrations [19], allow to 
estimate that wetlands contribute up to 60% of global emissions and that 
2003-2007 CH, emissions increase to 7% as a result of global warming. 

So, the task of construction of satellite observation oriented model of 
methane emission from moderate ecosystems, including wetlands, is impor- 
tant. This model should be linked with approaches to anthropogenic emis- 
sions inventory, and be oriented to the utilization of satellite observations, as 
well as include climate change on the local and regional scale. 

It allows to clarify regional climate scenarios, rectify adaptation 
strategies, in particular, in the field of ecological security. 


3.2 On the Methodology of Emission Analysis 
3.2.1 Generalized Approach 


Usually, the task of emission analysis is reduced to the task of assessment of 
the quantity of carbon emissions [20]. 


www.EngineeringBooksPDF.com 


3.2 On the Methodology of Emission Analysis 55 


However, the carbon emission coefficients are known with sufficient accu- 
racy only for carbon dioxide emissions. In this case for emission inventory of 
other GHG such as CH4, N20, NOx, CO and non-methane hydrocarbons 
(NMVOC), which connected with corresponding fuel utilization, we use 
analysis and calculation in separate economical sectors with semi-empirical 
dependences and statistics on the quantity of burned fuel and emission factors 
of these gases. Emissions of these gases determined by [20]: 


E, =mTK, (3.1) 


where £, — emission of x GHG, m — mass of utilized fuel; T — fuel calorific 
value, K,, — emission coefficient of the corresponding GHG. 

The main types of fuel, which are sources of emissions of these gases 
are coal, natural gas, oil (gasoline, diesel) and biomass (wood, wood wastes, 
biofuel). Inventory for emissions can be carried out as well as by the separate 
types of fuel for all economy sectors, or by the separate sectors for all types 
of fuel. 

Usually, most attention is concentrated on the emissions of carbon dioxide 
and methane. 

Mass of carbon in the utilized fuel mc we could calculate using the 
formula: 

mo =mTko (3.2) 


where m— mass of utilized fuel; T — calorific value of fuel, which 1s criteria of 
fuel thermal capacity; kc — emission coefficient, which defines actual content 
of carbon in utilized fuel. It should be noted, that during burning, not all 
carbon is oxidized. Oxidization rate depends on equipment efficiency, so in 
mathematical models, we should make a correction to incomplete oxidization 
of carbon. For it we use the coefficient of carbon oxidization fraction fc — the 
relation of the quantity of burned carbon to total carbon content in the fuel: 


Eco, = 44mcfic/12 (3.3) 


Also, we should take into account that significant part of energy resources 
will not be utilized as fuel. Some part of it will be utilized for the production 
of other industrial plastic, road bitumen etc. Carbon oxidation, and so, a 
direct emission in these processes is absent. This carbon calling accumulated 
and excluded from calculations of total emissions of carbon dioxide. IPCC 
methodology recommends make a correction to accumulated carbon for the 
account of some types of fuel — mgc [20]: 


msc = fsomc (3.4) 
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where fsc — is the fraction of accumulated carbon. 
Therefore, a total emission of carbon dioxide reduced to accumulated 
carbon, we can calculate: 


Eco, = 44(me — msc) fe /12 (3.5) 


This is the way to calculate anthropogenic emissions of carbon dioxide. 
Emissions of CH4, connected with relevant sources (such as coal mining) 
traditionally calculating as: 


Econ, = 0,67-mkon, (3.6) 


where m — mass of extracted product (for example, coal in tons), kow, — 
emission coefficient, which defines the volume of gas (m?) emitted with 
the extraction of one ton of product, and depends on production technology. 
To calculation mass of methane (Gg) from its volume usually using the value 
of the methane density under the pressure of one atmosphere and with the 
temperature 20°C, which is equal 0, 67 - 10~° Gg/m’. 

Total anthropogenic emission, in this case, can be calculated using a 
simple algorithm: 


N M 
Etot = Ss" oy eee a ees (3.7) 


n=1m=1 
where M — sectors of the economy, N — sites of territory, x — statistical data 
describing impacts and emissions. 

Using algorithm (3.7) we can calculate GHG emissions from every fuel. 
Besides, data x (in particular, m as the reported mass of extracted fuel) in 
general case is the function of time, which describe technological and socio- 
economical development of regions. In this context algorithm (3.7) make a 
possible to forecast future emissions on the base of future development (see, 
for example, “emission scenarios” of IPCC). 


3.2.2 On the Uncertainty Control 


Described approach has significant uncertainties, which depends on the 
quality of used statistics on the sectoral economy. These uncertainties are 
aleatoric and connected with the inaccuracy of the data collected and with the 
correctness of methodology of surveys and data processing. 

In this case, it is possible to apply a quite simple method to define errors 
and uncertainties of the relevant estimations. But we should also remember 
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that the distribution of x is not normal, so we should be careful with “average” 
assessments. 

If we have two different (in ideal case - independent) assessment of 
emission ogee i Eee for certain region n from WN and all existing sectors 
of economy m for studied types of GHG i. To estimate the uncertainty of 
emissions assessments we can propose a form: 


Un — (|Ebotn ie Exot nl)/(Exotn) (3.8) 


And integrated uncertainty for a whole region N, and all types of GHG 


can be calculated as: 
Utot = | 5 UB (3.9) 


This approach is quite primitive and essentially limited. Particularly, it 
is essentially vulnerable toward the quality of input data. Besides, using 
methodologically disparate big sets of data may lead to high errors and 
reliability decreasing, especially in the long time periods. So strategic plan- 
ning in the field of ecological security, economic development, long-term 
emission reducing, etc., requires more sophisticated and complex algorithms 
to estimate uncertainty. 


3.3 Modeling of the Carbon Cycle 
3.3.1 Key Model Variables and Parameters 


Correct analysis of aleatoric uncertainty will not be successful without anal- 
ysis of epistemic uncertainty. Even estimation of measurement accuracy 
requires, in the ideal case, understanding of what we are measuring. So we 
should recognize variables and parameters of processes, which determine the 
transfer of carbon in the Earth system. 

So, a key role in GHG emission uncertainty control may play ecological 
models, in particular, a correct analysis of the carbon cycle. This issue, as 
well as some ecological models, is presented in [21]. These models are 
formalized reflection of our understanding of processes of accumulation and 
transformation of carbon compounds in ecosystems. 

The model includes a number of key elements, which are necessary to 
calculate correct output data for further analysis. 

A mathematical model of carbon balance is usually integrated from 
regional or local components and links, which reflect the mutual influence of 
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neighboring sites. An integrated mathematical model of the regional carbon 
cycle for region r may be presented as a matrix equation: 
dx, 
Sr = Fe (Xr Vis rst) (3.10) 
where F, — column matrix of non-linear functions; V,.— column matrix 
of carbon fluxes between ecosystem components of region r; X,; = 


T 
[ne core, care deo) ee | — column matrix of unknown variables, 
T 
and Xe = ||xe~, Xe*, Xow, xe xe; xe = xa, xe", xeM|| 
Se ll ee rea ae es a he 
xed, xe, xef xe] 
Also 2 ees Os ee ee eee ce. le ee |: 
1 
ae Sone ee |. cada |B Goce. hg. Cong me, 
[Presse see, coal cca ame cele cules edu eid ec 


xo xe xfs xe] 


rl ? 


Variable y,, included in this equation, corresponds to carbon fluxes in 
neighboring regions (with common borders). Value of this variable is propor- 
tional to the concentration (content) of carbon in the atmosphere over these 
neighboring regions as: 


M 
Yr = S> Oj. Xo (3.11) 
j=l, gAr 
where 6,.; — proportional coefficients; X ; — carbon content in the atmosphere 
over region j. 
So, after substituting all expressions, the integrated model of carbon 
balance for all regions (r = 1,2,...,M) may be written as: 


dx 


CSS ESR AVA Ba Bs 
a = F(XY,1 G2) 
where X = ||X1,X9,...,Xj,||’ — column matrix of unknown parameters, 
V = ||V,V2,....Viz||" — column matrix of carbon fluxes. Number of 


equations and number of unknown variables in this model, in general case, 
is equal to the product of ecosystems number n and number of regions M 
(if all types of ecosystem are presented in every region): n = 34 x M = 850 
(for Ukraine quantity of ecosystems type is 34 and number of regions is 25). 
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Proportional coefficients 6,;, which included into presented equations, 
determined by links of study region r with neighboring regions j through 
common borders L,;. These links realized by wind transport of emissions and 
pollution though region borders. Initial conditions of transportation should be 
specified by analysis of long-term meteorological measurements: wind rose, 
frequency and speed of the wind. Sum of vectors of regional wind rose in the 
study point will indicate as w. This integrated vector is the function of time, 
depending on the point of measurement. So, the flux of transported carbon 
through the border between regions will be calculated as: 


Ly; 
Yrj(t) = Xthyo | w(I,t) cos (1, t)dl (3.13) 
0 


where y,; — external toward region r carbon flux from neighboring region 
Js kj@ — conversion factor to calculate the average concentration of carbon 
with height from integrated carbon content in the atmosphere over region 
j; W(I, t) — the angle between the wind rose vector and perpendicular to the r 
region border. A form of the equation for coefficients 0,.; is: 


i 
6, = kyo | " w(l,t) cos #(l, t)dl (3.14) 
0 


The integrated equation for atmospheric content of carbon may be presented 
as follows: 


YS Ox" (3.15) 
where Y = |\y1,...,yac||/ — column matrix of external carbon fluxes for 
all regions; X° = ||XY,...,X lig — column matrix of carbon contents in 
the atmosphere over all regions; O = ||6,,||, (747 = 1,2,...,@) — matrix of 
coefficients. Obviously, ,; 4 0 only if regions r and j are neighboring, also 
is obvious that €6,; = —6;,, and matrix © is skew-symmetric disperse matrix 


with zero diagonal. So for task solution, we need only values of elements 
placed on one side of the diagonal matrix O. 

Initial Equation (3.1) describing the carbon cycle, is the system with 
big dimension and big number of variables. From the ecological viewpoint 
it is possible to divide the studied natural system to sub-systems, in which 
separate components of studied processes has different velocity. In this case, 
initial complicated system of the equation may be presented as few more 
simple sub-systems, which describing separate processes [22]: 


dX@ dx! 
=F OC VY, 
oP (X,V,Y),— 


= F(X,V,Y), 
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dx! dx?! 
ae = FU (X,V,Y), ae =F" (X,V,Y), (3.16) 
ve xe 
F4 (X,V,Y), —_ =Pel (XV); 
where F with corresponding indexes is the column matrixes of non-linear 
functions of fluxes; X% = ||X{, eae GAs X¢ = |x? wp KE There- 


fore, we analyze separately equations for carbon fluxes in the atmosphere 
over all regions, separately for “arable land” ecosystems in all regions, and 
so on. 

A solution of this task can be obtained as the set of discrete values 
X% = X@(t,); X¢ x= X¢ (t,) on the set of discrete values of time t, € 
[to, tw], where v = 1,2,...,N — the number of integration step; fo i ty — limits 
of simulation interval. Usually, for modeling, we use an algorithm based 
on the calculation of carbon content in the atmosphere over some regions. 
On the every step of modeling new values of unknown variables should be 
calculated, using an algorithm for atmospheric carbon content calculation: 


Me = AG yo hu Pry (Xs, ) r= £2} eee (3.17) 


where h,, — modeling step, y*,, — non-linear functions defining by one-step 
method [22]. 

Taking into account the low quality of data on atmospheric carbon content 
obtained from traditional measurements, it important to note, that using in 
(3.7) regional data from the satellite on the atmospheric concentration of 
GHG and on corresponding carbon fluxes could increase modeling reliability 
and simplify integrating procedure. 

Other important notice concerns to the necessity of correct problem- 
oriented land cover classification in study regions. Models show [3] that 
land cover distribution is very important for correct estimation of carbon 
balance. 

In this carbon balance model for different types of land covers used differ- 
ent variables: X, oh carbon in phytomass in ecosystems “arable land” (index i 
indicates: w — winter crops, s — spring crops, v — vegetable, and t — technical 
crops), Xe carbon in phytomass in ecosystems “hayfields and pastures”; 
a and xe — carbon in litter of these systems; Xo” Ta X. 7 _ carbon 
in soils of these systems; X, — carbon in green phytomass (cf — conifers, 
dfh — hardwood and dfs — softwood), X,, — carbon in wood and root 
phytomass, X; — carbon in forest soils. Let Vay — carbon flux from the atmo- 
sphere to sub-system “phytomass”, which correspond to process of primary 
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production, and Vj, — carbon flux from the atmosphere to sub-system “green 
forest phytomass”’, which correspond to photosynthesis. It determinates as: 


Van = Cee tan (C,£5P,4) (3.18) 
Vag = Oag fag (C, T, P, t) (3.19) 


where Gp and Qgg — empirical coefficients, determinate by calibration 
of the model, f,, and fag — non-linear functions describing dependen- 
cies between carbon flux and atmospheric carbon dioxide concentration C, 
temperature 7, precipitation P, and depends on time ¢, (biophysical pro- 
cesses are mainly cyclical). Thus, implicitly introduced a dependency of 
photosynthesis intensity from the amount of green biomass. 

This model shows that accuracy of classification of land covers and so 
reliability of technology of interpretation of satellite information aimed to 
classification is critical for the task of analysis of regional carbon balance. 
Classification in this task means not only determination of vegetation types, 
but also analysis of photosynthesis, evapotranspiration, primary production, 
plant stress, and other parameters. Analysis of land cover distribution, vege- 
tation condition control, and monitoring of atmospheric GHG concentrations 
using satellite data is the way to increase modeling reliability and correctness 
though utilization of more correct and comprehensive input data. 


3.3.2 From Local to Global Methane Cycle Modeling: Variables 
and Parameters 


If the problem of carbon oxides in the framework of the global and local car- 
bon cycle is considered with sufficient correctness, the problem of methane 
requiring more detailed analysis. The separate scientific task is to construct 
a local model describing the methane emission from wetlands, which could 
be linked with global emission, biospheric and climatic models, such as the 
corresponding carbon dioxide models (Figure 3.2). 

The following way to construct this type of model can be proposed. In 
the framework of the Community Climate System Model [23] and the Com- 
munity Earth System Model (CESM1) was constructed CLM4Me model — 
a CH, biogeochemistry model [24]. 

CLM4 includes modules to simulate plant photosynthesis, respiration, 
growth, allocation, and tissue mortality; energy, radiation, water, and momen- 
tum exchanges with the atmosphere; soil heat, moisture, carbon, and nitrogen 
dynamics; surface runoff and groundwater interactions; and snow and soil 
ice dynamics. Having a representation of these processes with some level of 
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Figure 3.2 Methodology of methane cycle modeling. 


detail is important for estimating the controlling factors for CH, production, 
consumption, and emission to the atmosphere. Results of modeling with 
CLM4Me were used in this study. 

For CHy, the model accounts for production in the anaerobic fraction 
of soil (P, mol m~*s~!), ebullition (E,mol m~*s~!), aerenchyma transport 
(A, mol m), aqueous and gaseous diffusion (Fp, mol m~?s~ +), and oxidation 
(O, mol m~°s~') via a transient reaction-diffusion equation: 

LES ie P(z,t) — E(z,t) — A(z, t) — O(z,t), (3.20) 
ot Oz 
here z(m) represents the vertical dimension, f(s) is time, and R accounts for 
gas in both the aqueous and gaseous phases: R = ¢,+ Ky: €., with €, is the 
air-filled porosity, €,, is the water-filled porosity, and Kj; is the partitioning 
coefficient for the species of interest. 

Because most of the climate models, in particular, CLM4, does not 
currently have a local wetland representation that includes details relevant 
to CH, production (wetland specific plants, anoxia controls on soil organic 
matter turnover), nor is the inundated fraction used by the CH, submodel 
integrated with the CLM4 soil hydrology and temperature predictions, this 
task should be solved using local models and data. 

In CLM4Me, CH, production in the anaerobic portion of the soil column 
is related to the grid cell estimate of heterotrophic respiration from soil and 
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litter (R77; mol Cm~?s~!) corrected for its soil temperature (T) dependence, 
soil temperature through a Q factor (f7), pH (fyi; [24]), redox potential (f, 7), 
and a factor accounting for the seasonal inundation fraction (S, described 
below): 

P=Rufcnifrfoufpes, (3.21) 


here, fcy4 is the baseline fraction of anaerobically mineralized C atoms 
becoming CHy. 

Assuming that CH, production is directly related to heterotrophic res- 
piration implies the assumption that there are no time delays between 
fermentation and CH, production, and that soil organic matter can be treated 
uniformly with respect to its decomposition under either aerobic or anaerobic 
conditions. 

The effect of seasonal inundation is also included in CLM4Me model. 
It was determined, that in the continuously inundated wetland, anoxia sup- 
presses decomposition, leading to a larger soil organic matter stock, partially 
compensating the effect of anoxia on decomposition rates. The compensation 
is complete (respiration rates are unchanged) if i) soil decomposition is a 
linear function of pool size; ii) the fully anaerobic decomposition rate is a 
fixed factor of the aerobic rate, and iii) the soil is in equilibrium. At the 
same time, a tropical seasonally inundated system may experience extensive 
decomposition during the dry season but emit most of its CH, during the wet 
season. The calculation is shown, that because the equilibrium carbon stock 
will be smaller, the CH, fluxes will be smaller than the annual wetland even 
during the wet season. 

In CLM4Me, was used a simplified scaling factor to calculate the impact 
of seasonal inundation on CH, production: 


ee (GF -AD+A/.s< i (3.22) 


where f is the instantaneous inundated fraction, f is the annual average 
inundated fraction (evaluated for the previous calendar year) weighted by 
heterotrophic respiration, and ( is the anoxia factor that relates the fully 
anoxic decomposition rate to the fully oxygen-unlimited decomposition rate. 

Also, it may be assessed a global CH, flux and atmospheric methane 
uptake using inundation phenomena as [25]: 


1 


= ——____, 3.23 
= Coa ( 


~ 
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here, y is the factor by which CH, production is inhibited above the water 
level (compared to production as calculated in Equation 31), Coz (mol m7?) 
is the bulk soil oxygen concentration, and 7 = 400 m? mol !. 

Using the CLM4Me model it is possible to calculate global distributions 
of methane emissions in view of climate change. At the same time, the model 
of wetland is still required. 

As the local addition linked to global models, a structural mathemati- 
cal model of local CH, production and oxygenation in wetlands may be 
proposed. 

Model is based on description of acetoclastic methane production [26], 
where stratification of environment and velocity of substrates input are 
described as [4]. Model equations can be presented in the combined form [5]: 


ax ga 
a = Panties = pidge): (3.24) 
dx 
= = en Pen = Wag) (3.25) 
dx 
aE = £4(J4 — pat): (3.26) 


Where the velocity of growth of methano-trophic and methano-genetic 
biomass: ps 
Gee (3.27) 
SH + Ksga a (5H/K.) 


Umax gh * [H+] 


= ; 3.28 
Umaxt * Chi 
SSS ees 3.29 
Pe Te Og ae 
- [H*] 

SHa = So + HA)’ (3.30) 
os = Do(Sin — 8a) oe + acc, (3.31) 

d|H.: . 
ae = Do([Holin — [Ha]) — P99" + hyd. (3.32) 

t Yogh 
So, the velocity of methane production and consumption: 

Qchaga = kYCH4rgalga% ga; (3:33) 
Qchagh = kYcuarghtgh® gh) (3.34) 
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Qenae = Ha (3.35) 
And methane concentration dynamics in upper and lower layers of wetland: 
dC 
7 = = kg (Cn2 — Cri) — kga(Chi — Ca) — Qcnt, (3.36) 
dC 
v= QcoHaga + QcHagh — kg1(Ch2 — Chi). (3.37) 


dt 
In these equations: 


Lt,Uga, Ugh; Mt, Lga, Ugh, Sa) SHa; [Ho], Chi, Cha, QcHa4ga; QcHA4gh; QcHat: 


The solution of these Equations (3.34)-(3.37) allows to fulfill a matrix 
(3.337) with more correct data on the local scale. The whole approach 
(3.0)—(3.37) might be used to calculate integrated methane emissions from 
natural systems in multi-scale range, which is useful for using different mea- 
surement tools — in-field gasometry, satellite data, statistics, etc. Using this 
multi-scale methane wetlands emission model in the tasks of carbon emission 
analysis is the way to reduce uncertainties, both aleatorical and epistemic. 


3.3.3 Uncertainty Analysis in the Carbon Models 


For error and uncertainty analysis in integrated models of carbon balance 
traditionally using data of statistically independent sources. For it may be 
used data of satellite observations. 

In [27] algorithm for determination of standard error i of carbon 
flux Y=f(X;), which defined as a function of random distribution X; with 
t = 1,2,...k is proposed in the form: 


k 
mi, = S- (om) + 2 & =) (= dy | TigMX,MX, (3.38) 
i=l 


where r;; — coefficients of correlation between distributions X; and X;. 

Using this algorithm, it is possible to estimate an error of carbon fluxes 
in all components of the system studied basing on all available data. Satellite 
observation data is also possible to integrate into this algorithm [3]. 

Relative integrated reliability of data can be estimated separately. It can 
be done through comparison of geospatial data of land cover distribution 
(obtained from satellite image classification), ecological modeling, geostatis- 
tics, and inventory, as well as analysis of the atmospheric concentration of 
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GHG controlled from satellites. For this purpose could be used “agreement 
index of suitability” [27] as the measure of corresponding of normalized 
distributions: 


q 
j j min 
Sna= = soe — anrm)2, where xjo"™ = es ae (3.39) 
qd j=l j max jmin 
where gq — descriptive parameters; n —- sites of the studied area; 
m — Sets of statistics (for example, departmental data); x — measured values of 
parameter /. 


Mutual consistency of data distribution can be assessed using this method, 
and so we can more correctly combine disparate data, and minimize errors 
(aleatoric uncertainty). 

Therefore, using of integrated models of carbon balance, especially 
regionalized with satellite data, allows calculating ecological and climate- 
related change more accurately. So, modeling is a suitable part of security 
management. 


3.3.4 On the Local Models Integration into the Global Models: 
A Methodology 


The task of refinement of large-scale scenarios based on global models using 
the local modeling should be considered. This task is fundamentally different 
from the so-called task of “regionalization” of climatic models. The task 
of regionalization of models in the traditional sense is usually reduced to 
the “downscaling” tasks, or to the change (usually — decrease) the spatial 
and temporal dimension of the distributions obtained from the models. The 
proposed approach includes refinement of calculations based on the use of 
additional data sets not included in the standard model (typically, global 
models include 5—10% of the available measurements in the research area, 
which is obviously not enough in the calculation of local forecasts). 

The principal complexity of this problem lies in the fact that climatic 
model parameters usually are calculating in the so-called geo-space, or, 
by definition, in the quasi-two-dimensional space of the earth’s surface 
characterized by closure, positive curvature (convexity), quasi-fractality, and 
anisotropy in geophysical fields (for example, in the gravitational, magnetic 
field of the Earth). Geospatial location is determined by spherical (latitude 
and longitude) or rectangular coordinates. The anisotropy of the geo-space 
is expressed in the unevenness of the horizontal and vertical directions 
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(vertical movement is considerably complicated), and resulting in sphericity 
of the Earth’s structure, as well as latitudinal and longitudinal directions, the 
manifestation of which is latitudinal zonation. This determines the specific 
topology of data allocations for model calculations. In this situation, the 
results of observations are the sets of data obtained at certain points, and 
thus, although they are geo-referred, it is not necessarily correspond to all 
basic postulates that follow from the definition of geo-space. 

From a mathematical viewpoint, the problem is to include the observation 
data (a priori stochastic data, which must be described by completely other 
methods and which are not necessarily complete) into the set of calculation 
data with the given topology (into the model data calculated on geo-space). 
In the general case, solving this task should solve the topological problem of 
bringing the topology of one set (with a given topology) with the number of 
the sets of random data with an a priori indefinite topology. 

In our case, the topology of the set of model data is given by the definition 
of geo-space. While the topology of sets of observational data is a priori 
not defined [28]. Basing on the general theory of obtaining and analyzing 
data of experiments [29], we can analyze data of current meteorological 
measurements in terms of the theory of Hilbert spaces, in which limited and 
unrestricted operators, random elements and operators are defined, and thus 
the elements of linear and convex programming are determined. Thus, in our 
case, the use of the theory of finite-dimensional Hilbert spaces for the analysis 
of meteorological measurements data distributions may allow us to obtain 
results that will enable us to determine the topology of the corresponding sets 
and integrate data into sets with the topology, defined in the geo-space. 

The representation of observations in Hilbert spaces allows us to stay 
within the framework of the so-called “local simulation” and thus avoid 
the need of determination of boundary conditions dependent on the data 
structure [30]. This frees us from the need to harmonize in the future the 
boundary conditions of two different types of data. Thus, the mathematical 
problem is reducing to find the correct method for integrating meteorological 
observations, in the general case presented in the Hilbert random spaces, and 
simulation data presented as uniform normalized sets of data defined in the 
geo-space with the given topology. 

Figuratively this task can be represented as the gluing of patches of 
arbitrary shape and size on the surface of a round ball. In this case, the patches 
must be adjusted to each other, the total area of the patches is much smaller 
than the area of the ball, the shape and topology of the patches can be anyone, 
the ball has a finite elasticity, i.e. it can never change the positive curvature. 
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The method proposed in this section is that the patches are pre-smoothed, 
their edges are cut and fitted to each other, after which they are consistently 
glued to the surface of the ball. 

So, we propose to embed into the model the additional data not used dur- 
ing the construction of the model and re-calculate the necessary parameters 
on a grid that meets the needs of local simulation and is based on available 
data. This means that, unlike traditional downscaling, the proposed approach 
is based not on the results of simulation and on the properties of the resulting 
sets (with a substantially limited spatial and temporal resolution), but on the 
data of regional measurements. Therefore, the local data becomes decisive 
for regionalization of the model in this approach, which is a fundamental 
difference. 

Thus, the problem dividing into the problem of reducing the method of 
observing analysis and obtaining data measurements distributions, and on the 
task of integrating the obtained reduced data into the model distributions with 
subsequent calculation of parameters on a reduced grid. 

When we solve the problem of specifying the model on the sets of 
observational data presented as the Hilbert spaces in the part of the reduction 
of the method of observation analysis, we will consider sets of data €(x;;), 
measured in the framework of the method presented by linear operators 
Ao — A. To refine A we will be with sufficiently known (with known and/or 
controlled epistemic reliability) signal f’(«;;), represented by a random 
vector with a known covariance operator F € (R > ®), Fa = Ef(z, f), 
x © Ft, measuring the sets of variables [29]: 


= Afi ty’. (3.40) 
Where vy is a random element of a Hilbert space R with a correla- 
tion operator La = Ev(x,v),x € R,Ev = 0, which determines the 


error, or a “noise” — the measure of aleatoric uncertainty of measurements; 
€' — measurements, refined with the model £; E — mathematical expecta- 
tion; A — methodology or the “model of measurements” are random linear 
operators (such that, A € BR > R, a € R,y € RK while the function 
f(Az, y) = f(x, A * y)) defining the method of data transformation. 

If we introduce any measurable set M (M C KR B Je), on which we define 
a random vector 7, that describes the distribution of regularized data with 
a certain reliability, then in relation to it the problem of determining the 
methodology for integrating observation data into a general model, that is, 
refinement (reduction) operators, can be defined as [31]: 


A, = E(A|n), Jn = (E((A — An) * F(A — An) * [n). (3.41) 
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Here F is a covariance data operator; J is the operator of uncertainty. 
In this case, the task of reducing the data distributions can be 
formulated as: 


E(inf{E(||R’E — Uf||?|In)R’ € (R > U)}) = 


(3.42) 
= E(E(||R,é — UF||?|n)) = Ell Rné — UF |? 


Where U is the orthogonal projector to the subspace Jt. Thus, we are 
talking about the determination of a random operator R’ = R,, which 
corresponds to the condition [31]: 


inf{E(||R'E — Uf||?ln)R! € (R 4 U)} = E(\|Ry€—UF|?|n). 3.43) 


After solving this problem, we obtain mutually coherent distributions of 
observation data with coordinated boundaries, based on the results of the 
analysis of data from individual measurements. The resulting sets, repre- 
sented on Hilbert spaces, can be integrated (reduced) into the global models 
of any complexity with current topological properties. 

Thus, at the first stage, the problem is reduced to the determination of 
regularized distributions of observation data. In addition, it should be noted 
that the problem of estimating the uncertainties of the distributions obtained 
is still urgent. 

The task of obtaining the sets of regularized in space and time statistically 
reliable distributions of required indicators from the observed data (for exam- 
ple, from meteorological stations) in the research area can be solved using the 
proposed [32] algorithm for nonlinear spatial-temporal data regularization 
based on the analysis of the main components with the modified method 
of the smoothing nonlinear kernel-function — Kernel Principal Component 
Analysis (KPCA) [33]. Using the proposed algorithm we obtain a regularized 
spatial-temporal distribution of the characteristics of the investigated param- 
eters throughout the observation period with smoothened reliability, taking 
into account all sources of observation [32, 33]. 

In accordance with the above general approach, the task is to integrate 
a plurality of data presented in the form of Hilbert spaces with given linear 
transformation operators to a set of data with a given topology (a set of model 
decisions). 

So, based on the results of data analysis in the framework of the described 
method, we obtain a set of normalized distributions € = A; f(x-) +1, where 
tis the time (defined as the modeling step for a plurality of model data and as a 
measure of the data set). In the future, it can be proposed to analyze jointly the 
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modeling and observation data in the modified Ensemble Transform Kalman 
Filter (ETKF) modification method [34]. 

In this case, we assume that the vectors of the true state of the system x at 
time & are determined in accordance with the general law: 


ve = Fyoy_1 + Brue + wt, (3.44) 


Where F; is the matrix of the evolution of the system or the simulated 
effects on the vector x;_1 at the moment t-/; B; is the matrix of controls, mea- 
sured by the effects uz; on vector x; w; is a random process with the covariant 
matrix Q;. In this way, we introduce the description of the model distributions 
F,, and the observation data B;. 

Let’s determine the extrapolation value of the vector of the true state of 
the system by evaluating the state vector in the previous step: 


Gep—1 = PX y_ape—1 + Beve-t. (3.45) 


For this extrapolation value of the vector of the true state one can 
determine the general form of the covariance matrix: 


Pye = FiPipiFy + Qi-1. (3.46) 


The difference between the estimated (extrapolation) value of the vector 
of the true state of the system and obtained at the appropriate simulation step 
can be estimated as: 


Af, = & — Arf ya, (3.47) 
A covariance matrix of deviation: 
St = ArPy_1Ap + Re. (3.48) 


Then, based on the covariance matrices of extrapolation to the state vector 
and the measurements, we introduce a matrix of optimal coefficients of the 
Kalman amplification: 

Ki = Pei Al S, (3.49) 


Using this we will adjust the extrapolation values of the vector of the true 
state of the system: 
Lele = Lee—-1 + Ky Ak. (3.50) 


Also, we introduce a geo-referred filter for the distribution of the vector 
of the state x;;, which will depend on geographically bound j, i and this will 
not depend in the general case on the time f. 


(ig )e = (wig ef = (wiz eos, (3.51) 
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Here, the coefficients a are chosen according to the introduced KPCA 


algorithm [35], according to the rule of estimating the optimal balance of the 
mutual validation function and the covariance matrix: 


r= FM (xj) ®(x;) Sat 5) (3.52) 


Where non-linear function of the data distribution © is corresponded to 
conditions ae ®(x,) = 0, and ky is the average value of kernel matrix 


K € RN ((Kjij = [k(2i,2;)]). This matrix consists of kernel vectors 
ky € RN, [ki]; = [ke(at,x;)], and calculating according to modified rule 
kien) = (o53(1 — pj)" ), where p — empirical coefficients, selected 


from the model of studied phenomena [32]. 

If we apply this filter and remember to reconcile the sets of data, we can 
offer the form of the covariance matrix P® to analyze the actual errors based 
on the form of the covariance matrix of the extrapolated value of the state 
vector of the P/ system and the matrix of covariance of the observational 
data R: 

P* = Pf — PfAT(APSAT + R)-1APES. (3.53) 


Thus we obtain a tool for optimizing the calculation of the matrix of 
optimal coefficients of the Kalman amplification and, accordingly, correction 
of the extrapolation values of the vector of the true state of the system on the 
aggregate data of modeling and observations. 

After completing the data integration procedure, we can calculate the 
necessary parameters by algorithm [33]: 


xt) = S~ wis(@P ar, (3.54) 


Where w;;(Z}") is the weighing coefficient, determining though the rule 
[33, 35]: 


n m2 
min ye S° wale”) (1 _ =) ; (3.55) 
t 


In this equation, m is the number of experiments conducted; n is the 
number of data sources; x;” distribution of the results of observations; R’” — 
set of data; 7;” is the corrected extrapolation values of the vector of the true 
state of the system by aggregate modeling and observational data. 


www.EngineeringBooksPDF.com 


72. Multiparametric Modeling of Carbon Cycle in Temperate Wetlands for Regional 


Therefore, we obtain a regular spatial distribution of measurable char- 
acteristics in the local study area, both as a result of model calculations, 
and taking into account regional meteorological measurements on a grid that 
corresponds to the distribution of measurement data, that is, it has a much 
better resolution than the usual model. 


3.4 Satellite Tools and Data for the Carbon Cycle Control 
3.4.1 Satellite Tools for GHG Monitoring 


As an example of an algorithm for atmosphere composition and conversion 
radiation parameters to separate gases concentration, we can use approach 
[36, 37] developed for SCIAMACHY sensor. This algorithm (Weighting 
Function Modified Differential Optical Absorption Spectroscopy — WFM- 
DOAS) allows obtaining concentrations of CO2, CH, and Oz2 using satellite 
observations data [37]. 

This algorithm is based on the least squares method for downscaling 
of selected vertical atmospheric profiles. Parameters are defining by direct 
observations of vertical characteristics of the atmosphere. The logarithm of 
linearized radiation transfer, which is defined by the atmosphere model and 
observation data, together with polynomial P;(a) is reducing to the logarithm 
of the relation of satellite measured radiation and solar radiation (i.e. to the 
normalized solar radiation /°°*), The integrated equation of WFM-DOAS 
algorithm can be presented as [36]: 


m 
‘ 2 

3 (in 728 — In rret(va)) = ||RES||? > min (3.56) 

i=1 
In this equation the model of linear radiation transport is presented as: 
J 
- - olnine? 
mod A\ ‘mod 
In T°" (V8) = In F"°*(V) + y BV 


x (V; — Vj) + P;(a) (3.57) 
Vj 
Index i refers to a wavelength of image pixel i. components of vector V, 
denoted as V;, determine vertical columns of all gases, which has absorption 
lines in the selected spectral range. Factors of vertical distribution V; and 
polynomial coefficients of vector a using as reduction parameters. Also, the 
atmosphere temperature profile is used as a parameter of smoothing. 
Calculation parameters are determined as a minimum (on least squares 
method) between measured radiation (In 1°°;) and modeled radiation 
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(In 7°¢ ;), so by the length of vector RES (in particular, its components 
RES; for every spectral measurement i). 

For determination of the content of carbon dioxide using average on 
observation depth dry air molar fraction of this gas, measured at the same time 
with oxygen. So average on observation depth carbon dioxide concentration 
XCObz can be calculated as: 


Cos” 
(03% oF") 


where CO°, is received absolute content of CO» (molecules on cm?), 0°"'5 
the same for O2, O""/) — expected (averaged on observation depth) oxygen 
molar fraction reduced to dry air (3,2095). 

This is the way to calculate the tropospheric concentration of gas from 
radiation intensity in the frame of its absorption band. A method in details is 
described in [36]. 

The similar way we can use for determination of other gases concentra- 
tion, for example, methane. But the concentration of carbon dioxide instead 
oxygen can be utilized in this algorithm [37]. 


CH 
(cog /coz") 


XCO2 = (3.58) 


XCH4 = (3.59) 


where CH°", is received absolute content of CH, (molecules on cm?), 
COs the same for CO2, CO”! 9 — expected (averaged on observation depth) 
carbon dioxide molar fraction reduced to dry air. For CO" gusing constant 
370 ppm. 

The described WFM-DOAS algorithm was used for processing of obser- 
vations of AIRS & AMSU (EOS satellite), SCIAMACHY (ENVISAT satel- 
lite) and GOSAT (Ibuki satellite) sensors, the distribution of atmospheric 
GHG concentrations was calculated. 


3.4.2 Satellite Tools for Plant Productivity and Carbon Stock 
Assessment 


Crop productivity control based on the possibility of the photosynthesis 
measurements. Carbon is accumulating in terrestrial ecosystems by photosyn- 
thesis and emitting as CO2 through autotrophic and heterotrophic respiration 
[38]. GPP (Gross Primary Production) is the total carbon assimilated by 
vegetation through photosynthesis. 
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Net Primary Production (NPP) is a residue of detent carbon after account- 
ing of autotrophic respiration. A significant part of detent carbon can be 
accumulated in living crops and organic soils, and emission this carbon to 
the atmosphere as CO2 or methane can influencing to climate [38]. 

Satellite instruments collect parameters distributions describing crop 
activity. In particular, the data from the Collection 5 of the MOD17A2 of 
MODIS satellite sensor can be used for vegetation analysis. The MOD17A2 
is an 8-day summation of the GPP and photosynthetic production (PsnNet). 
Annual GPP and NPP for MOD17A determined as [39]: 


PsnNet = GPP — Ry — Rmr (3.60) 


where R,,,, and R,»; respiration of leafs and roots. 
Annual NPP can be calculated as [39]: 


365 
NPP = S- PsnNet — (Rmo+ Ry) = X; (3.61) 
1=1 


where Rj. respiration of all part of plant excluding roots and leafs, Ry — 
respiration of growth (Zhao et al, 2005), X; — observed NPP in the year j. 

Model MOD17 based on three sources of input data. For every pixel land 
cover data provided by MOD12Q1 product. Meteorological data provided 
by DAO (Data Assimilation Office) model. Data on the spectral reflectance 
of surface FPAR i LAI provided from MOD15A2 product. Uncertainties of 
MOD12Q1, DAO, MOD15A2, as well as errors of the algorithm (3.7)—(3.48) 
may reflect to the correctness of output data MOD17. 

Reliability of MOD12Q1 may be assessed in the interval [0.7—0.8] for 
the majority of land cover classes [40]. Moreover, meteorological data from 
DAO is not direct measured data, but reanalysis data. This type of data has 
both systematic and random errors [33]. These errors seriously reflect on the 
correctness of NPP calculation [40]. 

Algorithms MOD17, MODI5A2 are sensitive to the accuracy of input 
meteorological data (temperature and precipitation), both absolute values and 
distribution. Regional monitoring and control of vegetation productivity using 
satellite tools are effective and useful, but require additional instruments to 
uncertainty control and errors reducing. 

Data on vegetation productivity is necessary for models of carbon bal- 
ance, and for for climate change control on regional scale [38, 39]. Many 
significant climate-related risks can be assessed using vegetation production 
data: from agricultural and food security to landscape fires. For example, 
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fire risk dynamics may be assessed using the forecasting of vegetation 
productivity [41]. 

In this context, the task of uncertainty control of vegetation productiv- 
ity estimation is an urgent problem for decision making in GHG emission 
control, environmental security, and climate adaptation planning. 


3.4.3 Satellite Tools for Uncertainty Assessment in Crops 
Productivity 


Annual sums of monthly productivity and annual productivity estimations, 
obtained from satellite observations using the same methodology, could be 
compared to estimate relative uncertainty of productivity assessments. Time- 
series of these assessments for various regions allow detect key trends of 
errors, analyze components of uncertainty, connected with variations of local 
climate, land-use parameters. 

For separate region m in month i, during year j from interval k, an error 
of productivity estimation U,, can be determined as the difference between 
observed annual productivity X; and calculated monthly productivity x;; 


according to: 
25 (Cd Biz) — X5) 
< Xij > ; 
In this case, a total uncertainty of productivity assessment for all regions m of 
study area M may be assessed as: 


Tice =, Use (3.63) 


This algorithm has been utilized for analysis of productivity and calcu- 
lation of uncertainty of vegetation of the Western part of Ukraine during 
observation period 2000-2012. The average regional error of productivity 
estimation was assessed according to [39]. 

Data shows that the average annual error is between 15,7 and 18,2%. In 
separate regions, it varied from 10,8% (regions with mainly homogeneous 
land-use structure, and low anthropogenic component), to 22,4% (land- 
scapes and ecosystems with high productivity, high anthropogenic load, high 
heterogeneity of land covers). 

Further consider uncertainty as for the aggregate of uncertainties, which 
connected with assessing the productivity. Thus, will assume that vectors 
of the true state of systems x at the moment of observation k (j, 7 € k) are 
determined according to [31]: 


Um = 


(3.62) 
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Lk = Rete_-1 + Agus + we, (3.64) 


where R;, — <<system evolution matrix>, e.g. formalized description of long- 
term managing impacts to productivity distributions (in our case — functional 
of climate processes) forming impacts to vector x, _1 at the moment k-/; Ay — 
<operating matrix>>, e.g. induced loads to system, influencing to productiv- 
ity (such as land-use and land cover distribution), measured as impacts u;, to 
vector x; w;, — random process determining “noises” distribution, e.g. sensors, 
algorithms errors etc. In this case, an uncertainty can be determined as: 


6x = ree + 620A + dw, (3.65) 


where z — ensemble average values of the measured parameter, f — time. 
Formalized description of long-term managing impacts to productivity 
distributions will consider as functional: 


R= f(s)-F(T,W,R) +A, (3.66) 


where f(s) — function of density of vegetation (aggregate parameter of veg- 
etation rarefaction, or degradation of crops related to business or to the 
crown branching), F(T, W, R) — productivity functional, in general case 
depends of temperature, soil moisture and solar radiation (practically might 
be determined by remote observations), A — uncertainty coefficient [3]. 

If we assume the function of the density of vegetation the smooth homo- 
geneous algebraic function, its behavior may be uniquely described using 
spectral vegetation indices. To describe operating impacts we can without 
generalization use the following form of equation [3]: 


OR. di (as — #:) 0, (6T; — 6F;) 


Ox 
OF of Dies - 41D, 60; - oP 
a See 
O(1 ce )a mee ae) 
x DE +— , (3.67) 


where 7,, — air temperature during the observation period; T°” — maximal 
air temperature during the observation period; dT -<reduced temperature>, 


i N 

= = TA 
oT = (1-2 Pons Cee ress z = nN 7max)- The parameter <reduced 
temperature>> is an optimal correlator of parameters of ecosystems vul- 


nerability and risks, for example, productivity and climatic parameters. 
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<Reduced temperature>> was calculated basing on the analysis of long- 
term correlative relationships in multivariate parameters distributions using 
elliptic kopulas [3]. Thus we approximate climatic impacts by changes of 
temperature. This is not absolutely correct, but measurements of temperature 
are the most reliable measurement among all parameters. 

Induced loads to the ecosystem we will descry as impacts from land- 
use and land cover changes. Corresponding uncertainties connected with 
not correct classification and statistics (annual and seasonal), as well as 
significant variations of anthropogenic load to land on a local scale. 

This type of uncertainty (uncertainty connected with the inaccuracy of 
classification of the observed system) we will through relative reliability of 
aggregated data. The <agreement index of suitability>> (3.2) [27] may be 
used for it as: 


Tales — Be) Dy loper™ — a7) 


620A = 
o> Lie Bi )At j anon = gan 


1 Lp — oo Lg — ze 5 
et Pa )2, (3.68) 


max _ a max _ min 
Pq Vp Lp vq vq 


where gq — study area sites; p — sets of statistical data (for example, 
field calibration measurements, statistics, cartography); x — measured value 
of the investigated parameter; x”°"" — <normalized agreement index of 


min min 
Lp—x Lq-x 


1/2 
suitability>, tporm = (Sopa sera ) (Saxo ) . Using this 
approach we can estimate a mutual consistency of data distributions, most 
correctly combine disparate data, and so to minimize errors. 

Distribution of uncertainties connected with methodical errors (aleatoric 
uncertainty) can be described as the process of measurements of system state 
vectors, e.g. aS variations of random process w;, determining a set of sensor 
and processing errors. It can be assessed as: 


(3.69) 


where F(x) — calculated value on the sequence of measured parameters 
X (X1, XQ, ..., Xn) eg. F = F(x1,22,...,2n); v’ — unknown error, which 


: ‘ : OF n OF 
we interpret as inherent uncertainty. Component ‘5 and so 4/57; (Aai5,)? 
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can be calculated using assessments of the accuracy of MOD17 FPAR i 
MOD15A2, according (Zhao et al., 2005, Wang, et al., 2001). Using data 
and results [3], we can estimate this component in diapason [0,045; 0,065]. 

Therefore, integrated form of the equation for assessment of components 
of uncertainty in the task of vegetation productivity assessment could be 
presented as [3]: 


oy ei tis) — Xj) (i — 8s) 0 (6T; — 575) 


< Wij > Va x; — &;)?(S0, dT; — 615)? 


1 N 
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7 

Separate components of uncertainty could be analyzed using this equation 
in the task of assessment of vegetation productivity by satellite observation 
data. 

It should be noted, that this equation may be reduced for calculation of 
carbon balance up to constant (Shvidenko, et al., 2010), as an algorithm for 
determination of standard error my of carbon flux Y = f(X;), determined 
as random distribution function X;,7 = 1,2,...k: 


k 
m= S37 (Pm) za ps & =) (= = | riymx,mx, (3.71) 
i=1 


where rj; — coefficients of sicaecas between distributions X; and X;. 

This algorithm allows estimate errors of carbon fluxes estimations in all 
components of the studied system using all available data. It is important, that 
it is possible to incorporate into whole approach data of modeling, in-field 
ground measurements, and satellite observations. 

As the calculations show [3], estimated the uncertainty of assess- 
ment of vegetation productivity by satellite data is [0.138; 0.152]. 
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Constant component (aleatoric uncertainty) of uncertainty is errors of the 
sensor, processing of data (calculation of indexes, estimation of biophysical 
parameters from reflection, etc.) and monitoring methods (non-optimal time 
of observation, incorrect data integration, etc.). This uncertainty component is 
about [0.045; 0.065]. This constant component cannot be essentially reduced 
by the data user. Varied component, which corresponds to regional variations 
of climatic parameters, lies in the interval [0.02; 0.035]. This component may 
be reduced with an account of correct regional climate trends. Significant 
uncertainty component — [0.053; .074] is caused by incorrect classification 
of land cover and imperfect analysis of local land-use structure. This type 
of uncertainty (epistemic) is connected with a lack of information about sys- 
tem studied, and requires more comprehensive models to reduce it. Besides 
ground calibration data and observation verification are required too. Besides, 
there is an uncertainty component about [0.01; 0.005] of unknown origin, 
which we identify as inherent uncertainty. 

Therefore, it can be argued, that integration of Earth systems model- 
ing, analysis of satellite data, and processing of ground measurements for 
calibration and verification allow to reduce 55-65% of error of vegetation 
productivity estimation. 


3.5 Approach to Emission Assessment and Control 


Basing on measured atmospheric GHG concentrations it is possible to 
calculate corresponding GHG emissions. 

The simplest way to calculate aggregate annual GHG emission by its 
concentrations, according to [20, 42] is: 


(Ocak aa Crpeisis LM; 
E,= i t 3.72 
» kK Gs. / (3.72) 


here Courrent — Current mean annual atmospheric concentration of gas 
i over certain observed territory; Cprevious — previous current mean 
annual atmospheric concentration of gas i over certain observed territory; 
Co; — mean annual atmospheric concentration of gas i over same territory 
during pre-industrial era (according to geological data and historical records); 
M; — historical mass of estimated GHG in the atmosphere (according to 
geological data and historical records) [43]. For carbon dioxide and methane 
Co is 275 and 700 ppmv; and M; — 220,89 x 10!° tons for CO2 and 
408,94 x 10!° tons for CH, [44] for whole Earth atmosphere. Coefficient ; 
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determining with an account of a lifetime of GHG and its mass at the moment 
of estimation (for short-term forecasting it possible to assume K; = 1 for all 
GHG); t — averaging period (in years). 

This algorithm allows to control national GHG emissions by independent 
tools (satellite observations). Analysis of identified differences (Figure 3.6) is 
a base for decision making if the field of national emission management and 
environmental protection policy. 

In particular, the detected difference of assessments could indicate inad- 
equateness the national inventory system during the observation period. This 
data also should focus attention on importance ecological processes. Input 
these processes into GHG balance could be 19-23% and it should adequately 
be reflected in emission report data. 

In the case of described distributions (3.2)-(3.4) we can present a 
modified with Equation (3.9) form of uncertainty: 


|E., ,-E? 


tot,n 


4 total 1 
o% ee ( 2 _ ae Fyn) 
CoVarm 


Un, = Ap oraeee _ Exon) : (3.73) 


Calculations show that assessments based on ecological models and 
observation data are more correct and accurate on all scales than statistics [3]. 


3.5.1 Stochastic Tools for Decision Making in Carbon 
Emissions Control 


A fundamentally different approach to decision making under uncertainty 
in the field of environmental management was proposed by [45], basing 
on robust cost-effective and environmentally safe carbon trading economic 
instruments for GHG emissions control. 

This approach based on the stochastic model of robust emission trading. 

Proposed integrated robust multi-agent emission trading model seeks the 
goal that all the parties participating in emissions trading jointly achieve 
individual emission targets in a cost-efficient way under safety constraints by 
investing in emissions abatement, uncertainty reduction and by redistributing 
the emission permits through trading. 

Emission trading affects and is being affected by emission uncertainties. 
In addition to asymmetric information, it implicitly contributes to the reduc- 
tion of other uncertainties for the two main reasons. First, trading is likely to 
lead towards more scrutinized emissions inventory compilation rules. Second, 
verifiability of trades requires that the reported emissions plus uncertainties 
are below the cap; therefore, trading creates incentives for parties to invest in 
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uncertainty reduction prior to compliance. Proposed trading model exploits 
this phenomenon. 

Different uncertainties differently affect emission trading causing market 
crashes and instabilities similar to financial markets. To limit the role of 
uncertainties, advocates of regulated trades argue in favor of uncertainty 
constraints distinguishing sources by their uncertainty levels [46]. Market 
regulators may set restrictions on source category to be included in trad- 
ing. The trading scheme may demand a Party to set source-specific targets 
depending on the level of uncertainty. 

A model which includes uncertainty and risk-adjusted regulations into 
emission trading schemes is proposed following [47]. The model explores 
conditions of market’s stability towards uncertainties by imposing appropri- 
ate safety constraints to control the level of admissible uncertainty which 
would guarantee cost efficiency of trades and safety levels of emission 
reduction targets. 

These types of safety constraints are typical for pollution control, finan- 
cial applications, stability regulations in the insurance industry and catas- 
trophic risks management [45]. In a sense, these constraints work as a 
probabilistic discounting mechanism which discounts the reported emissions 
to detectable levels overshooting uncertainty within a specified safety level, 
i.e., a portion of detectable emission changes. 

The approach can be formally presented as follow [45]. Let denote the 
least costs f;(y;) for party i to comply with imposed targets with given 
permits y; and the target K’;. Formally, this function is defined by Equations 
(3.) — (3.). Denote the variability of reported emission x; as a random variable 
&;(a;, Wj), where w; is a vector of all uncertainties (scenarios) affecting emis- 
sions of party i. A random variable €;(a;, w;) depends, in general, on reported 
emissions x;. The uncertainty €; can be reduced by investments in monitoring 
systems. For this purpose, the variable u; associated with monitoring and 
other technologies that may control the variability of emissions within the 
desirable safety level Q; is introduced. 

The individual optimization problem can be written as minimization of a 
function f;(y;) defined as the minimum of risk-adjusted expected emission 
reduction costs c;(a#;,w;) and uncertainty reduction costs d;(xz;,w;) for a 
given permit y; to be defined through a dynamic trading process: 


fi(yi) = min Ele;(ai,w) + di(ui,w)] (3.74) 
under quantile-based environmental safety constraints: 


Pla; + €(ai,w;) < Ki + yi] > Q: (3.75) 
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for all parties 7. Here @,; denotes a safety level that ensures the probability 
that all potential emissions x; and uncertainties €;(x;,w;) do not exceed the 
emission target KX; adjusted by permits y;. The safety level Q; is imposed 
by a regulatory agency to ensure the robust performance of the market. 
Uncertainties of cost functions c; and d; may be due to market performance, 
production shocks, and technological uncertainties, which are unknown in 
advance. 

Safety constraints (3.5) are well known in financial applications as Value- 
at-Risk risk indicator. They are used for the safety regulation of insurance 
companies, the reliability of engineering structures, and catastrophic risk 
management [45]. 

Safety constraints (3.5) can be also written in the following form that 
in the case of analytically tractable distributions is reduced to deterministic 
nonlinear constraints (3.6). 

Let define quantile z;(x;) as the minimal z such that P[&;(a;, 
wy) || 2 Q;. 

Then the following equivalent constraints can be substituted for the safety 
constraint (3.5): 

De Sy i a a) (3.76) 


These equations show that reported emissions must undershoot targets K; 
adjusted by uncertainties of emissions u; and permits y;. Equation (3.1) 
shows that safety constraints induce risk-related upper bounds z;(a;) on 
uncertainty intervals dependent on the reported emission level x;. Therefore, 
it allows introducing risk-based undershooting of emission targets defined 
by “critical” quantile z;(7;). Functions f;(y;) define costs of permits y; for 


parties i = J... 
In [45] solution of this task is proposed for different cases. For our study, 


it is important that in this framework the task of uncertainty reducing for 
decision making optimization is the task of uncertainty u,; control in GHG 
emission x; inventory. Further, we demonstrate as it can be done using 
satellite tools. 


3.6 Results of Multiparametric Modeling of Methane Cycle 
in Temperate Wetlands in View of Regional Climate 
Change Using Satellite Data 


The proposed approach to modeling GHG emissions allows calculating its 
individual components. In particular, we can consider the actual problem of 
methane emissions from temperate wetland ecosystems. 
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The basis of this review is the methodological approach described in [3, 5] 
and in Sections 3.3, 3.4, 3.5 of this chapter. 

The National Report [7] recorded a decrease in total methane emissions 
(Figure 3.3), which, however, is accompanied by an increase of the concen- 
tration of methane in the atmosphere over the entire territory of Ukraine 
during the investigated period (Figure 3.4). Thus, there is a contradiction 
between the parameters calculated according to the deterministic method 
[20] and obtained with the independent observation instruments and stochas- 
tic approaches [3]. Under the uncertainty of 150% level, this requires an 
understanding of the factors and drivers of the ongoing processes, as well 
as significant improvement of the models. 

As has been shown in Section 3, on the basis of consideration of the global 
model of atmospheric balance of CH4 (in particular, the CLM4Me methane 
production model, which is a component of the geosynthetic model CESM1 
included in the global climate model CCSM4) an approved flood integrated 
coefficient obtained from regional observations can be proposed. Also, in 
Section 3.4 it is shown that in the framework of the general approach, there is 
the possibility to refine global models on the local observations and models, 
as well as the climatic scenarios, can be embedded into local adaptation 
decision making systems. 

So, with the purpose to correction certain indicators of models at the 
local level, partial improvement of the model approach to the evaluation 
of individual components of wetlands methane emissions was proposed. In 


Figure 3.3. Reported inter-annual methane emissions. 
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Figure 3.4 Detected inter-annual atmosphere methane concentration. 


particular, a model of wetlands was proposed, aimed at the assessment of the 
methane emissions, depending on changes of climatic parameters. 

Model variables can be controlled using satellite tools have been identi- 
fied. For the e, an of key variables was conducted. 

Analysis of the main trends of changes of specific indicators of key vari- 
ables has been conducted directed to analysis of the dynamics of emissions 
from the wetlands of the North-Western part of Ukraine. In particular, the 
methane concentrations during the observation period using the data from 
the AIRS and AMSU/Aqua satellites were controlled. Using the algorithms 
for converting the spectral intensity values to concentrations, detailed spatial 
and temporal parameters of methane distribution in the atmosphere were 
estimated (Figure 3.4). These data were used for calibration and verification 
of the model (Figure 3.5). 

Basing on the proposed local model, critical variables were identified, 
which were further controlled by observations and measurements to solve 
the problem of estimating methane production in wetlands in the context of 
climate change. These were surface and near-surface air temperatures, soil 
moisture, and saturation of the near-surface layer, precipitation, water level 
(flood), available biomass and evapotranspiration. 

The control of the specified variables was carried out both on the 
annual and on the monthly distribution. The distribution of precipitation 
(Figure 3.6), temperature (Figure 3.7), evapotranspiration and vegetation 
index (Figure 3.8) corresponds to the distribution of atmospheric methane 


www.EngineeringBooksPDF.com 


3.6 Results of Multiparametric Modeling of Methane Cycle in Temperate Wetlands 


Modelled wetland methane emission, tonn x 1,000 


2000 2002 2004 2006 2008 2010 2012 2014 2016 


Figure 3.5 Modeled inter-annual methane emissions. 
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Figure 3.6 Detected inter-annual of mean and selected month distribution of precipitation 
over wetlands, mm. 


concentrations over the wetlands during the observation period (Figure 3.4) 
and to the emission models (Figure 3.5). 

This means that the proposed model adequately reflects key processes that 
affect methane production and correctly identifies variables that allow control 
the methane emissions from temperate wetlands. 
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Figure 3.7 Detected inter-annual of mean and selected month distribution of air temperature 
over wetlands, °C. 


Evapotranspiration and Vegetation Index 


2000 2002 2004 2006 2008 2010 2012 2014 2016 


Figure 3.8 Detected inter-annual evapotranspiration and vegetation index. 


According to the model calculation, verified the observations and mea- 
surements, the average methane production from Ukrainian temperate wet- 
lands can be estimated in interval 0,2-0,8 gC/m?day during the observation 
period. 
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Figure 3.9 Modeled intra-annual atmosphere methane emissions, ton x 1,000. 


In addition, the comparison of data obtained from satellites with mete- 
orological measurements made it possible to determine the observation 
methodology: to determine the observation periods critical for methane emis- 
sions in the wetland systems of Ukraine. The analysis of the distribution of 
meteorological data on wetland areas during vegetation periods associated 
with the activity of the methane cycle allowed to determine the periods 
March-April and August-September (Figure 3.9), when the emission gradient 
is the largest. 

According to the results of this study, improvement of the monitoring 
methodology, aimed to methane cycle indicators assessment, may be pro- 
posed. In particular, the use of modified vegetation spectral indices in the 
framework of proposed methane balance models as well as the observation 
during certain periods should reduce the inherent uncertainty of this task. 


3.7 Conclusions 


In this chapter, the advantages of applied mathematics based approaches 
for ecology, environmental security, climate regional studies oriented to 
change adaptation, and for remote sensing technologies development is 
demonstrated. 
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Different approaches to anthropogenic and natural emissions inventory 
and analysis are described and discussed. Possible algorithms of uncertainty 
control for discussed approaches are proposed. 

The task of analysis of climate change at the regional and local levels, 
in particular, the adaptation of the economy to the escalation of negative 
phenomena (including hazards), requires the assessment of changes of GHG 
emissions and the dynamics of their atmospheric balance, both at the global 
level and over the separate areas. In particular, methane requires a serious 
attention as the second largest greenhouse gas after carbon dioxide. At the 
same time parameters of methane emissions and absorption, distributions and 
its dynamics, especially its radiation impact on the energy of the atmosphere, 
are much less studied. The general idea of this study is to demonstrate the 
capabilities of satellite observation tools used in the model approach to clarify 
individual methane emissions. Currently, the assessment of major sources 
of methane has significant uncertainties. The error of estimation (aleatoric 
uncertainty) is about 20-40%. At the same time, an error in the estimation 
of the main driving forces and emission parameters (epistemic uncertainty) 
is more than 150%. The National Greenhouse Gas Inventory Report also 
indicates approximately the following parameters. This situation requires the 
use of scientific tools to reduce uncertainties. 

It is shown that a decisive role in uncertainty reducing in the tasks of GHG 
emission plays a correct analysis of the carbon cycle, and so — mathematical 
models of ecosystems. For determination of key model variables, measured 
parameters and indicators for satellite observations the GHG and carbon 
cycle models have been analyzed. Advanced model of methane emission 
was proposed. Uncertainties in carbon balance models are analyzed, and 
algorithms to reduce it are proposed. 

Basing on the models described the satellite tool for GHG monitoring 
is defined and discussed. An algorithm for calculation of individual gas 
concentrations in the atmosphere from radiation intensity within the separate 
absorption bands is analyzed. 

As the important component of GHG monitoring system, a satellite tool 
for plant productivity assessment is analyzed. A multicomponent stochastic 
model for uncertainty assessment in productivity analysis is proposed. As 
the separate, intercorrelated and multivariate components of uncertainty the 
instrumental errors, climate impact, and land-use change factors have been 
determined and analyzed. It was shown that quantitative assessments of these 
components in its temporal dynamics allow obtaining new knowledge about 
investigated tools, climatic parameters and ecosystem we study. 
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Algorithm for emission calculation from atmospheric GHG concentration 
is proposed. Approach and algorithm to analyze and reduce uncertainty in 
emission account are proposed and discussed. 

In the framework of the analysis, the main global models of atmospheric 
CH, balance were considered, and the key sources of emissions at the global 
and regional levels were evaluated. It was noted that the reduction of the 
total methane emissions recorded in the National Report is accompanied 
by an increase of the concentration of methane in the atmosphere over the 
entire territory of Ukraine during the period of investigation. This requires 
an understanding of the factors and drivers of the ongoing processes, the 
substantial improvement of models and tools. The global models of the 
atmospheric balance of CH, were considered: in particular, the model of 
production of methane CLM4Me, which is a component of the geosynthetic 
biosphere model CESM1, which is part of the global climatic model CCSM4. 
In the framework of this model, an improved look at the integrated flood 
rate obtained from regional observations was proposed. It is shown that in 
the general approach, with the possibility of refining global models on local 
observations and models, climatic scenarios can be embedded in local adap- 
tation decision making systems. In order to clarify certain model indicators at 
the local level, partial improvement of the model approach to the assessment 
of individual components of natural methane emissions was proposed. In 
particular, a model of wetlands was proposed, aimed at the determination 
of the emissions of methane, depending on changes in climatic indicators. 

Conclusions on the reliability and correctness assessment of decisions 
based on the approach discussed are demonstrated. We can conclude that pro- 
posed approaches to account emission parameters, as well as both aleatoric 
and epistemic uncertainty in complex systems, is the more correct base for 
decision making than usual way based on deterministic approaches. 
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This research aims to develop a capable, intelligent system that can be 
used for classification purposes. This research describes a methodology 
for developing a smart system by utilising the application of an adaptive 
neuro-fuzzy inference system that can be used by physicians to accelerate 
the diagnosis process. The proposed intelligent classification system max- 
imises the correctly classified data and minimises the number of incorrectly 
classified patterns. For robustness, the proposed method was tested with five 
different datasets, namely Hepatitis, SPECT Heart, Cleveland Heart, Diabetic 
Retinopathy Debrecen and BUPA Liver Disorders. Also, an attempt was 
made to specify the effectiveness of the performance metrics. The proposed 
method achieves superior performance when compared to related existing 
methods. This research has produced three major novelty techniques. Firstly, 
the Jacobian matrix was built up using an analytical derivation scheme 
and chain rule, which overcome the complexity for computation of the 
Jacobian matrix instead of finite difference schemes. Secondly, indexing 
unique membership functions in a row-wise vector using a vectorisation 
technique to obtain efficient classification performance results and increase 
the speed of convergence rates was introduced. Thirdly, an effective way to 
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transform Jacobian matrix into a sparse Jacobian matrix was employed, which 
also contributed towards reducing memory consumption or storage space, 
improved execution time and accelerated the processing of data. 


4.1 Introduction 


Currently, most real-world classification systems are considered difficult in 
the developmental process, as they may involve numerous trade-off prob- 
lems like computational cost, accuracy, storage space and execution time. 
They may be linear or non-linear, predictable or unpredictable. Develop- 
ing an intelligent neuro-fuzzy system is of importance in almost all fields, 
especially in medical disease diagnosis, transportation, signal processing, 
telecommunication and engineering [1]. 

Neuro-fuzzy systems are multilayer connectionist networks that realize 
the essential elements and functions of traditional fuzzy logic decision sys- 
tems. The performance of the system depends on the accuracy of the model. 
Therefore, it is of greatest importance to build a model which correctly 
reflects the behaviour of the system under consideration. The Sugeno type 
of fuzzy model was turned based on training data. It illustrates how natural 
language can be encoded and shows the relationship of entities in terms of 
IF-THEN rules. 

Physicians make use of digital technologies to assist in diagnosis and give 
suggestions, as medical diagnoses are full of uncertainty. The best and effi- 
cient technique for dealing with change is applying soft computing techniques 
and incorporating fuzzy logic and neural networks, which are complementary 
to each other rather than fighting for system identification or recognition. 
This approach has the capability of becoming familiarized with patterns and 
adapt to themselves to handle a changing environment [2]. The essential 
contribution of neural networks is a methodology for identification, learning 
and adaptation, while the crucial input of fuzzy logic is a methodology for 
computing with words which can deal with ideas or knowledge and little 
details about data. 

Classification techniques are being used in different fields of studies to 
quickly identify the type and group to which a tuple belongs. Classification 
is part of pattern recognition and aims to classify data (patterns) based 
on either prior knowledge or statistics and information extracted from the 
models. Grading is about predicting class labels using input data. In binary 
classification, there are two possible output classes [3]. 
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4.2 Artificial Neural Networks Approach 


Artificial Neural Network (ANN) is the most popular pattern classification 
approach. ANN may be traced back to as early as 1943 when McCulloch and 
Pitts wrote their landmark paper “A Logical Calculus of Ideas Immanent in 
Nervous Activity”. Since then scientists, engineers, physicists and biologists 
have studied ways to mathematically model the human brain’s ability to 
accept inputs from many completely different types of sensors. They can then 
analyse that data, decide on a course of action, trigger the response in its 
operational appendages and learn from the results of that response [4, 5]. 

ANN is a simplified mathematical model of the human brain. It is a par- 
allel distributed processor with large numbers of connections; an information 
processing system that has specific performance characters like biological 
neural networks [6]. The main characteristic of the ANN-based classifica- 
tion approach is its ability to realize complex and non-linear input-output 
relationships. Artificial neural networks could be a type of statistical pattern 
classifier [7]. 


4.3 Statistical Approach 


The statistical decision theoretic approach includes decision making in the 
presence of statistical knowledge, which provides some information where 
there is uncertainty. There are well-known decision rules such as Bayes deci- 
sion, minimum error-rate classification and minimum likelihood. In general, 
most recognition models of statistical decision theoretic approach operate 
in two modes: training (learning) and classification (testing). In the training 
mode, the feature extraction module finds the appropriate features to represent 
the input patterns, and the classifier is trained to partition the feature space. In 
the classification mode, the trained classifier assigns the input pattern to one 
of the pattern classes under consideration based on the measured features [8]. 


4.4 Design of an Intelligent Neuro Fuzzy System 
A typical Fuzzy model (4.1) was used and has the form [9] 
IFx=Aandyis BTHEN z = f (z,y) (4.1) 


where A and B are fuzzy sets in the rule antecedent part, while z = px + 
qy +r = f(x,y) is acrisp function in the rule consequent part and p, g & r 
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are the optimal consequent parameters. Usually f(x,y) is a polynomial in the 
input variables x and y. 


4.5 Hybrid Learning Algorithm of Proposed Method 


When developing the proposed system, parameters are calculated by the 
hybrid learning technique (forward and backwards pass) based on the Least 
squares estimate and the Modified Levenberg-Marquardt algorithm. The ana- 
lytical derivation method is used for computation of the Jacobian matrix. In 
the developed algorithm, S; and S represent the antecedent (non-linear) and 
consequent (linear) parameters respectively. 


Let n represent the number of inputs, 

Let p represent the number of membership functions for each input 

Let / represent the layers of the proposed method, where / = {1, 2,3, 4,5} 
Let the output of node i of layers / be O?. 


4.6 Forward Pass 


Least squares estimate (LSE) was used at the very beginning to get the initial 
values of the consequent parameters Sy = {p;, qi, ri}. 


Layer 1: Calculate the Membership Functions values for inputs. The Gaus- 
sian activation function was used as fuzzification nodes. The output of this 
layer is O}, where i = {1,2,...,p.n}. O} is a membership function that 
satisfies the degree to which the given input satisfies the fuzzy sets A; for 
i = {1,2,...,p}. The fuzzy sets are represented as a membership functions. 
The functions are expressed as (1.4,(@1; {c,7}) fort = {1,2,...,n}, 


where input n features are grid partitioned into p membership functions. 
For simplicity, the output of two fuzzy membership grade of inputs, which 
are given by: 


L— Cy 


De Pag Garg alee (4.2) 


1(y=m 
O} = wei y) =e 20%) 4 = 1,2 (43) 
where x and y are the inputs to node i, [c;,0;, mj, 3;| is a parameter set, 
represents the membership function’s centres and widths of ju4,(x) and 
[13,(x) respectively. The membership functions representing the antecedent 
parameters of the proposed method are described as S; = {a;, bj, c;, ...}. 
Let A,, represent the number of antecedent parameters for each member- 
ship function ~u4,(x). The total number of antecedent parameters are then 
equivalent to: 
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Total number of antecedent parameters = Ap * (p * 1) (4.4) 


Layer 2: Calculate the rule firing strengths. Each node in this layer corre- 
sponds to a single Takagi-Sugeno type fuzzy rule. The output of this layer 
is O? where node i = {1,2,...,p”}. The conjunction of rules antecedent is 
evaluated by either of the operator AND (minimum of incoming signals) or 
an OR (maximum of incoming signals). 

Let FR represent the rule choice of second layer nodes 


R={min [AND]} or R = {max [OR]} (4.5) 

For simplicity, the output O? for two fuzzy IF-THEN rules is given by: 
(4r) j = 1,2 
(4.6) 


where the value w; represents the firing strength or weights from the rule 
node. 


NIF 


O? = w; = rule{ Aj} = wai(x) * Wp (y) = € alae) € 


Layer 3: Determine the normalized firing strengths. The ratio of the firing 
strength of a given rule to the sum of firing strengths of all rules is called the 
normalized firing strength. 

Let N represent the normalization of the node in layer 3. The output of 
this layer is O?, where node i = {1,2,...,p”}. 

Let w; represent the normalized weight of each rule 


wi+we pai (2) + Bi (y) 
Normalizing guarantees stable convergence of weights and biases as it 
avoids the time-consuming process of defuzzification. 


Layer 4: This is a defuzzification layer. It calculates the rules outputs for rule 
consequent layer. Each node in this layer is an adaptive node. The output in 
this layer is simply the product of the normalized firing strength and a first 
order polynomial (for a first order TSK model). Thus, the output of this layer 
O#, where node i = {1,2,...,p”}. 

Let Sz = [p;, qi, ri] be the consequent parameters, which can be identified 
using least square estimation. A linear function f; is expressed as a multiplica- 
tion of the inputs with the corresponding consequent parameters. The output 
O# is the product of normalized firing strength W; of layer 3 with the linear 
function f; given by 


Of = wif; = wi (piz +aqytri), 1=1,2,...p” (4.8) 


The total number of consequent parameters = (n+1)*p” (4.9) 
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Layer 5: This is the summation layer. It is designed to calculate the sum of 
the output of all incoming signal, that’s to computes the overall output as the 
summation of all incoming signals. The output of this layer is O?, where node 
i = {1}. Since there is only one output, the ANFIS is a binary classifier. 
The output is the aggregation of all defuzzified outputs O# from layer 4, and 
thus it follows the weighted average. 


wifi 
Oo? = mf, = 2 a eel ee 4.10 

i - Wi f a = ve a Pp ( ) 
The least squares estimator is used to minimize the squared error ||AX—B||?, 
where A = Output produced by O?, y = Target output and X = Unknown 
consequent values related to the set of consequent parameters p;, q; & ri, 
which can be obtained using pseudo-inverse of X. 

Following Equation (4.10), we can develop an expression involving the 
normalized weights w;, Equation (4.7) multiplied by the inputs z;, (layer 1), 
gives: 

O?* = »,[(wix)p; + (Wiy)a + Wri) fori = {1,2,...,p"} (4.11) 
After the consequent parameters S2 are identified, the network output can be 


computed and the error measure E;, represents an objective function for kth 
of the training data can be obtained as: 


Ex = (ty — ax)? (4.12) 


where t;, and a, represent the target output vector and actual output vector, 
and N is the number of total points. The overall error measure E of the training 
data set can be computed using performance measure, mean square error 
(MSE) defined as: 


N 
1 
MSE = SO Ex (4.13) 
i=l 


= 


4.7 Backward Pass 


In the backward pass, error signals are propagated and antecedent parameters 
5S; = {o;, c;} are to be updated by Modified Levenberg-Marquardt algorithm. 
The performance index to be optimized is defined by [10] and presented as: 


F(w) = sere (4.14) 
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F(w) is the total error function, w = [wi,we,...,w,] comprising of all 
weights of the network, e is the error vector comprising the error of all the 
training samples. 

The parameters of unique membership functions of current fuzzy infer- 
ence system (FIS) are to be obtained, which is a novel approach that allows 
program to run faster and is defined as: 


where v is the rules index vector that keeps track of the unique membership 
functions MFs, / is the index table of the unique MF used in the rules, Rj; 
is a matrix of size number of rule by number of input, that identifies the 
membership functions for the ith rule and jth input. 


4.7.1 Rules’ Index Vector 


The index Membership function is the index vector that keeps track of the 
unique Membership Functions (MFs). This function determines the unique 
MFs in the ANFIS structure and indexes them row-wise for an efficient 
classification system and to speed up convergence rates instead of using 
column-wise for conventional methods. Therefore, the final index vector 
collects the indices found in MF “row-wise” according to rules. For example, 
in Cleveland heart disease input variables with [3, 4, 3, 4, 2, 3, 3] the number 
of the membership function for each input respectively. The fourth input 
(cholesterol) has four membership functions defined as low, medium, high 
and very high. Now, consider a rule list: 


ie es ae ie Fe 
eee chy ) 
cece oil Oe Bt AG oe 6. 1 
ixMr = | 9 10 11 12 13 | ooh 


Look at the 4th column of the rule list, one can see that only the Ist (low) and 
2nd (medium) MF is used. Unfortunately, MATLAB’s fis structure numbers 
all MFs column-wise vector starting from the first input. 


1 4 8 11 15 17 20 
25 9 12 16 18 21 
es 3 6 10 183 19 22 oe) 
7 14 


where R is the rule list matrix [11]. 
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As can be seen in the rule list the low-cholesterol MF is in the first row, 
fourth column. However, in the fis structure it has index of 11. This is what 
must keep track of. Thus, the final index vector collects the indices found in 
MF “row-wise” according to R. 


first-row: 

Rd,1) = 1, thus ix (1) = MF(1,1) = 1 
R(,2) = 1, thus ix (2) = MF(1,2) =4 
Rd,3) = 1, thus ix (3) = MF(1,3) = 8 
R(4,4) = 1, thus 1x(4.) = MF(4,4) = 11 
Rd,5) = 1, thus ix (5) = MF(1,5) = 15 
R(,6) = 1, thus ix (6) = MF(1,6) = 17 
Rd,7) = 1, thus 1x (7) = MF(1,7) = 20 


second-row: 

RQ,1) = 2, thus ix (8) = MF(2,1) = 2 
RQ,2) = 2, thus ix (9) = MF(2,2) =5 
R,3) = 2, thus ix (10) = MF(2,3) =9 
R(,4) = 2, thus ix (11) = MF(2,4) = 12 
R,5) = 2, thus ix (12) = MF(2,5) = 16 
R,6) = 2, thus 1x (13) = MF(2,6) = 18 
R(,7) = 2, thus ix (14) = MF(2,7) = 21 


Finally, the rule index vector is: 
ye or Be We 1 20s 2 6 OTe. 16, 13.21) (4.19) 


Again, let’s consider a general case, using the same MEFs for 
inputs 3 and 5. One can check this by the indexMF function: 


111424141 
ee errs ey 


5 6 7 
5 | (4.21) 


(4.22) 
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first-row: 

R(,1) = 1, thus ix (1) = MF(1,1) = 1 
R(,2) = 1, thus ix (2) = MF(1,2) = 4 
R(1,3) = 1, thus ix (3) = MF(1,3) = 8 
R(,4) = 4, thus ix (4) = MF(4,4) = 14 
R(,5) = 2, thus ix (5) = MF(2,5) = 16 
R(,6) = 1, thus ix (6) = MF(1,6) = 17 
R(1,7) = 1, thus 1x (7) = MF(1,7) = 20 


second-row: 

R(2,1) = 3, thus ix (8) = MF(3,1) = 3 

R(2,2) = 2, thus ix (9) = MF(2,2) =5 

R(2,3) = 1, this is not unique, since it already used in rule 1, so SKIP 
R(2,4) = 2, thus ix (10) = MF(2,4) = 12 

R(,5) = 2, this is not unique, since it already used in rule 1, so SKIP 
R(2,6) = 3, thus ix (11) = MF(3,6) = 19 

R(,7) = 3, thus ix (12) = MF(3,7) = 22 


Finally, the index vector is (length of 12) unique MFs and NOT 14 in the 
other case. 
wis [LAS 6, 14, 16, 17. 20; 3. 5 122 1952)! (4.23) 


The Jacobian matrix is built-up column—wise, which contains first order 
partial derivatives of network error using analytical derivation and chain rule 
method is given by: 


Oy /O071 Oy /OB4 Saja Oy /Oon; Oy /OBN, 
fin. Of, — | Ay2/O01 Oy2/OB1 ...  Oy2/Oon, Oy2/OBN, 
< Op5 ——— 
Oyn,/O01 Oyn,/OP1 ... Oyn,/Oon, Oy2/OBN; 
(4.24) 


A novelty approach was introduced to transform Jacobian into sparse 
Jacobian matrix to speed things up. With sparse matrix storage, it is in general 
practical to store the rows of J, in a compressed form, i.e. without zero 
entries [12]. 

J; = Sparse (34) (4.25) 

Op; 

Using the chain rule, the gradient and Hessian of f(x) can be expressed in 
terms of the Jacobian, 
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F'(X)=g=Jre (4.26) 


Approximate Hessian matrix which contains second order partial derivative 
of network error using the cross product of Jacobian can be obtained as: 


F'(X)=HxJ/I, (4.27) 
This approximation is used for both Gauss-Newton and Levenberg- 
Marquardt methods. Hence, explicit computation of second order derivatives 
can be avoided. Hessian matrix is not invertible as described in Gauss- 
Newton method. To ensure that equation is invertible, another approximation 
is introduced to the Hessian matrix and can be updated as: 


H* = J,I, +71 (4.28) 


where 77 is called combination coefficient or learning parameter, I is the 
sparse identity matrix. 

With the Modified Levenberg-Marquardt method (MLM), the increment 
of the parameter in training will be obtained as: 


AX; = (IPI, + nl) Ife (4.29) 


4.8 Simulation Results 


Based on the five datasets obtained from the University of California Irvine 
(UCD machine learning repository [13], throughout the experiments the ten- 
fold cross-validation method was used instead of the hold-out validation 
method as applied in the previous method [14]. The results with five data 
sets for robustness were compared based on the machine learning process in 
terms of accuracy, sensitivity and specificity [15]. 

The MLM algorithm in most cases is more effective and achieves a lower 
MSE and higher mapping precision. This is presented in Tables 4.1-4.5. 
The hyphen (—) means “Not Applicable” (NA), it indicates that there is 
no such type of result in the respective existing classifiers as presented in 
Tables 4.1-4.5. 

The proposed classifier yields better results with faster convergence speed 
than other classifiers as presented in Table 4.1. The accuracy, sensitivity and 
specificity of the proposed classifier for Hepatitis datasets were obtained as 
95.18%, 95.04% and 97.00% respectively. The MSE was found to be 0.0744 
with an elapsed time of 12.63 seconds. 
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Table 4.1 Comparison of test accuracy results with some related existing models for 
Hepatitis data set 


Methodology Accuracy Sensitivity Specificity Elapsed 
Adopted (%) (%) (%) MSE Time (sec) 
Proposed method 95.18 95.04 97.00 0.0744 12.63 
Conventional method 93.33 93.20 94.26 0.0818 27.46 
ABC-SVM [16] 94.92 97.13 88.33 — — 
CBR-PSO [17] 94.58 — — _ = 
ABC-Boosting [18] 83.44 — — — — 


The accuracy, sensitivity and specificity of the proposed classifier were 
obtained as 96.34%, 98.29% and 89.61% respectively. The MSE was 
obtained as 0.0291 with an elapsed time of 2.99 seconds for SPECT Heart 
data set as presented in Table 4.2. 

The proposed model yields better results than other models with much 
faster convergence speed as presented in Table 4.3 for Cleveland heart 
dataset. The accuracy, sensitivity and specificity of the proposed classifier 
were obtained as 79.71%, 67.06% and 80.38% respectively. The MSE was 
obtained as 0.1308 with an elapsed time of 0.64 seconds. 

The proposed classifier yields better results with faster convergence speed 
than other classifiers as presented in Table 4.4. The accuracy, sensitivity and 
specificity of the proposed classifier for Diabetic Retinopathy Debrecen data 
set were obtained as 76.76%, 69.31% and 85.08% respectively. The MSE was 
found to be 0.1908 with an elapsed time of 4.83 seconds. 

The proposed model yields better results than other models with much 
faster convergence speed as presented in Table 4.5 for BUPA Liver Disorders 
dataset. The accuracy, sensitivity and specificity of the proposed classifier 
were obtained as 72.17%, 78.95% and 68.97% respectively. The MSE was 
obtained as 0.4497 with an elapsed time of 9.83 seconds. 


Table 4.2 Comparison of test accuracy results with some related existing models for SPECT 
Heart data set 


Methodology Accuracy Sensitivity Specificity Elapsed 
Adopted (%) (%) (%) MSE Time (sec) 
Proposed method 96.34 98.29 89.61 0.0291 2.99 
Conventional method 93.46 90.44 88.03 0.0293 9.06 
RS [19] 93 + 3.8 95.00 85.00 — — 
SMFENN [20] 92.00 — — — — 
SBPN [21] 87.00 — — — — 
BPN+PCA [22] 73.30 — — — — 


www.EngineeringBooksPDF.com 


106 An Intelligent Neuro Fuzzy System for Pattern Classification 


Table 4.3 Comparison of test accuracy results with some related existing models for 
Cleveland Heart data set 


Methodology Accuracy Sensitivity Specificity Elapsed 
Adopted (%) (%) (%) MSE Time (sec) 
Proposed method 79.71 67.06 80.38 0.1308 0.64 
Conventional method 75.56 71.05 78.85 0.4003 1.95 
ANFIS [23] 75.93 —_ —_— — —_ 
ANN [24] 65.00 — — — 56.50 
ANN [25] 76.00 —_ — —_— — 


Table 4.4 Diabetic Retinopathy Debrecen data set 


Methodology Accuracy Sensitivity Specificity Elapsed 
Adopted (%) (%) (%) MSE Time (sec) 
Proposed method 76.76 69.31 85.08 0.1908 4.83 
Conventional method 75.98 68.32 84.53 0.1934 7.06 
PCA+MGA [26] 66.00 —_— — — —_— 
ANN+ABC [27] 72.53 —_— — —_— — 


Table 4.5 BUPA Liver Disorders Data set 


Methodology Accuracy Sensitivity Specificity Elapsed 
Adopted (%) (%) (%) MSE Time (sec) 
Proposed method 72.17 78.95 68.97 0.4497 9.83 
Conventional method 70.43 77.63 66.41 0.4515 18.06 
PSO+1-NN [28] 68.99 —_— —_— — = 
ABC+SVM [29] 74.81 — —_— — — 


4.9 Graphs of Performance Error Vs No. of Iterations 


In each figure, there are two curves which show the proposed learning 
algorithm in blue and the conventional method in red. Both are trained 
simultaneously with the same number of iterations. The proposed plan can 
produce a more significant improvement in the error rate in some cases. The 
high number of iterations signifies that the network proceeds to approximate 
convergence. This indicates that some sense of training set adequately attains 
small training errors quickly and efficiently enough to generalise unseen data 
(test data) or instances. 

The aim is to minimise both the false negative (which may let a disease 
go untreated and get worse) without inflating false positives too much (which 
may be very costly for patients) and being able to attain lowest measures. This 
allows the algorithm to reach a stable solution on each of the errors (MSE) in 
the least amount of time. Below are the figures for each of the datasets. 
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Graph of Mean Squared Error (MSE) Vs No. of Iteration 
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Figure 4.1 Graph of MSE vs. no. of iteration for hepatitis data set. 


In Figure 4.1, it appears that the proposed method outperforms the con- 
ventional method as error decreases per training examples of the network 
and continues to drop. The error starts stabilising after 200 iterations for the 
proposed method and after 350 iterations for the conventional method. This 
is because the traditional approach has weaker convergence rates as the num- 
ber of iterations is very high. The training process does not overfit the 
training data, and the proposed method has gained and produced the estima- 
tion of generalization in a final error achieved of 0.0744 at 12.63 seconds 
against 0.0818 at 27.46 seconds of the conventional method, both after 
1300 iterations. 

In Figure 4.2, it appears that the proposed method outperforms the con- 
ventional method as error decreases per training examples of the network 
and continues to drop. The error starts stabilizing after 50 iterations for the 
proposed method and after 125 iterations for the conventional method. The 
training process does not overfit the training data, and the proposed method 
has gained and produced the estimation of generalization in a final error 
achieved of 0.0291 at 2.99 seconds against 0.0293 at 9.06 seconds of the 
conventional method, both after 750 iterations. 

In Figure 4.3, it appears that the proposed method outperforms the con- 
ventional method as error decreases per training examples of the network and 
continues to drop. The error starts stabilising after 150 and 230 iterations 
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Graph of Mean Squared Error (MSE) Vs No. of Iteration 
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Figure 4.2 Graph of MSE vs. no. of iteration for SPECT-heart data set. 
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Figure 4.3. Graph of MSE vs. no. of iteration for cleveland heart data set. 
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Graph of Mean Squared Error (MSE) Vs No. of Iteration 
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Figure 4.4 Graph of MSE vs. no. of iteration for diabetic retinopathy debrecen data set. 


for the proposed and conventional methods respectively. The training process 
does not overfit the training data, and the proposed method has gained and 
produced the estimation of generalisation in a final error achieved of 0.1308 
at 0.64 seconds against 0.4003 at 1.95 seconds of the conventional method, 
both after 250 iterations. 

In Figure 4.4, it appears that errors of the proposed and conventional 
methods start stabilizing at the initial stages. The training process does 
not overfit the training data, and the proposed plan has gained and pro- 
duced the estimation of generalization in a final error achieved of 0.1908 at 
4.83 seconds against 0.1934 at 7.06 seconds of the conventional method, both 
after 265 iterations. 

In Figure 4.5, it appears that the proposed method outperforms the con- 
ventional method as error decreases per training examples of the network 
and continues to drop. The error starts stabilising after 200 iterations for 
the proposed and traditional methods. The training process does not overfit 
the training data, and the proposed method has gained and produced the 
estimation of generalization in a final error achieved of 0.4497 at 9.83 seconds 
against 0.4515 at 18.06 seconds of the conventional method, both after 
1200 iterations. 
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Graph of Mean Squared Error (MSE) Vs No. of Iteration 
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Figure 4.5 Graph of MSE vs. no. of iteration for BUPA liver disorders data set. 


In conclusion, the proposed algorithm based on novelty techniques uti- 
lizes the application of the adaptive neuro-fuzzy inference system aimed at 
developing an effective, intelligence system that can be used by physicians to 
accelerate the diagnosis process. The proposed algorithm has achieved above 
performance error, reduced memory consumption or storage space has faster 
convergence speed and improved execution time. 
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In this chapter, an inventory model is developed where demand and 
deterioration rate are considered in fuzzy environment, because, in real-life 
situations, demand and deterioration rate of an item are slightly disrupted 
from their original values. Moreover, due to the political and business 
instability and uncertainty in the value of money, the fuzzy inflation rate is 
also incorporated in this model. The crisp model is fuzzified by using Normal- 
ized General Triangular Fuzzy Number (NGTEN) and Cloudy Normalized 
Triangular Fuzzy Number (CNTEN). Also, the total cost is calculated for 
both the crisp model and corresponding fuzzified model. Then, the costs are 
compared extensively among the crisp model and consequently the triangular 
fuzzy model and cloudy fuzzy model. A numerical example is included to 
justify the usefulness of the proposed model. A sensitivity analysis of the 
optimal solutions for the parameters is also provided. The paper ends with 
conclusions and an outlook to possible future studies. 
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5.1 Introduction 


In classical economic order quantity (EOQ) model, the demand rate was 
regarded as constant. Harris [11] was the first to introduce the con- 
cept of constant demand in a deterministic model. Later, Pervin et al. 
[18, 20, 22] extended the concept of constant demand by considering linear 
decreasing demand, stock-dependent demand, stock and price dependent 
demand, respectively. Roy et al. [24] presented the deterministic demand as 
probabilistic in nature. But, in a real-life situation, the price of an item and 
demand are highly related to each other. If the demand for an item becomes 
high, the item will be produced in a large number, and as a result, there 
is a possibility that the unit production cost of the item may be decreased. 
Therefore, prediction of the exact amount of demand is a difficult job and it 
may increase or decrease with time to time. Hence, in this chapter, demand is 
observed as a decision variable and fuzzy in nature. Zadeh [32] was the first 
to introduce the concept of fuzzy set theory. Later on, Bellman and Zadeh 
[3] used this for solving decision-making problems for industrial purpose. 
Thereafter, Kaufmann and Gupta [13], Mahata and Goswami [15], Ban and 
Coroianu [2], Wu et al. [28] have studied the field extensively. Kao and Hsu 
[12] explained a lot size model with fuzzy demand. But to explore more 
results about fuzzy demand, we introduce this chapter. 

Deterioration is a natural phenomenon which is found on almost all 
items like vegetables, food items, fresh fish, fashion items, drugs, radioactive 
substances, chemicals, and electronic components, while keeping in store. 
Deterioration is defined as a process of becoming worsened day by day. It is 
also falling from a higher to a lower level in quality. The effect of constant 
deterioration in an inventory model was nicely described by Pervin et al. 
[19, 21]. Generally, it is seen that deterioration has a small deviation from its 
original value in nature. Based on this argument, Vahidian and Tareghian [26] 
constructed an inventory model in a fuzzy environment. De and Goswami [4] 
derived an EPQ model where the deterioration was represented by a fuzzy 
number. In this chapter, we have also examined the effect of deterioration by 
allowing fuzziness in nature. 

Inflation and time value of money play a significant role in an inventory 
model for an optimal ordering policy. Inflation always influences the demand 
for a certain product. It is found that many companies are suffering from 
high inflation, which means a huge loss of time value of money. As a result, 
dependent countries calculate loss for purchasing oil or power. When the time 
value of money collapses, spending on luxury items or peripherals always 
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increases the demand. In this regard, several researchers like Skouri and 
Papachristos [25], Moon and Lee [17], Pervin et al. [23], validated their 
research works to execute new results in this direction. Since uncertainty 
and inflation are correlated with each other, therefore fuzzy inflation adds 
a positive impact in an inventory model. De and Goswami [5] developed a 
model by using this effect with fuzzy deterioration rate and allowed a delay in 
payments and extended the model of Yang et al. [31]. More are to be explored 
and we develop our model by adding fuzzy demand and fuzzy deterioration 
with fuzzy inflation. 

Mahata [16] scrutinized the learning effect for imperfect production in 
fuzzy random environments in a study. Then, Kazemi et al. [14] derived the 
learning and forgetting effects of fuzzy parameters in an inventory model. It 
was assumed that the model will fail if the learning rate lies between [0-50%], 
and therefore, for the defuzzification method, ranking fuzzy numbers were 
introduced by Yager [30]. Then, the method was adopted by Ezzati et al. [9], 
Deng [8] and Allahviranloo and Saneifard [1], etc. Thereafter, De and Mahata 
[7] extended the work under cloudy fuzzy indices. Therefore, the works were 
extended over L-R fuzzy numbers by Hajjari and Abbasbandy [10], Wang 
et al. [27], Xu et al. [29] and others. Moreover, De and Beg [6] invented new 
defuzzification methods. This method can be applied in Neutrosophic sets, 
disaster management, environmental risk analysis, and even crime research 
also. We have utilized this extension to convert triangular dense fuzzy number 
to triangular cloudy fuzzy number and have applied it in inventory model with 
real-life applications. 

The rest of the chapter is organized as follows: A preliminary concept 
about fuzzy numbers and cloudy fuzzy numbers are provided in Section 
5.2. In Section 5.3, some notations about proposed model are presented. 
A clear mathematical model with fuzzy model and its corresponding solution 
is discussed in Section 5.4. Section 5.5 contains a numerical example to 
illustrate the model with a real-life example. Section 5.6 gives a sensitivity 
analysis with illustrated figures. Section 5.7 presents concluding remarks; and 
proposes a new pathway of future investigations. 


5.2 Preliminary Concept 
Fuzzy Set [32] 


A fuzzy set A on the universal set X is a set of ordered pair defined by A= 
{(x, wy(x)) : «© © X} where yz : X — [0, 1] is called the membership 
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function. The a-cut of the fuzzy set A is presented as Ay = {x : a)= 
a, a € [0, 1]}. A fuzzy number is a fuzzy set A together with the membership 
function pz : X — [0, 1] with the following properties: 


i. A is normal, therefore, there exists a x € R such that ps ;(x) = 1. 
ii. Ais piecewise continuous. 
iii. sup(A) = cl{a € R: x(x) > O}, where cl represents the closure 
of a set. 


iv. Ais aconvex fuzzy set. 


Normalized General Triangular Fuzzy Number (NGTFN) 
Let B be a NGTEN of the form B = (B,, By, B3). Then its membership 


function can be defined by p(B) = 


0, ifB< B, and B> Bo 


a, if Bi <B<B, (5.1) 
Boe, if Bo < B< Bs 


Now, the left and right a-cut of u(B) are given by L(a) = By + 
(By = Bi)a and R(a) = Bg =e (Bs = Bo)a. 
Yager’s [30] Ranking Index 


If L(a) and R(q) are the left and right spreads of a fuzzy number B, then the 
defuzzication rule under Yager’s [30] ranking index is given by 


7 1 
iG i [L(a) + R(a)|da = 7(By+2B2+Bs). (5.2) 


The measure of fuzziness (degree of fuzziness dy) is given by df = 


a, where Ly, and U; are the lower bound and upper bound of the fuzzy 


number respectively, and ™ being their respective modes. 


Cloudy Normalized Triangular Fuzzy Number (CNTFN) (Extension of 
De and Beg [6]) 


A fuzzy number of the form B = <b,, bo, b3> is said to be a cloudy tri- 
angular fuzzy number if after an infinite time, the set itself converges to a 
crisp singleton. This implies that, as time t + oo, both b;, b3 — bo. 
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Let us consider the fuzzy number 


ms Oo 


forO<p,o <1. 

Note that, lim+5o9b2 (1 - 2 = bo and limit soob2 (1 + —) = bo, 
so B - {by}. 

Then the membership function for ¢ > 0 is represented as follows: 


0, if @ < by (1- 45) and 2 > bo (1+ 7%) 


aw — bo(1-;2) 7 
oe “if (1-7) <a shy ai 


1+t 


eer es if bo Sa <b (1+ 7h) 


Extended De and Beg’s [6] Ranking Index on CNTFN 


Let us consider the left and right a-cuts of u(a,t) from Equation (5.4) 
and denoted it as L(a, t) and R(a, t) respectively. Then, the defuzzification 
formula under time extension of Yager’s [30] ranking index is given by 


By= anf A lee (a, t) +R! (a, t)] da dt (5.5) 


where a and t are independent variables. 

Let B be a CNTEN defined in Equation (5.3) and its membership function 
is defined in Equation (5.4). Therefore, the left and right a-cuts of ju (x, t) 
from Equation (5.4), we get 


I (a, t) = by (1- oe + $S) and RM (a, t)=b (1454 - $B). 
Then, from Equation (5.5), we have 


e bo 


1(B) = 2oE 


ar+ + log(1 + n)| (5.6) 
Equation (5.6) can be rewritten as [(B) = by 1 +5 oe al) 


Obviously, limp_soo eae 


The factor ie) 
measured by days. 


= 0 and hence I(B) > by as T > o0. 


is known as cloud index (CJ) and in general, time T' is 
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5.3 Notations 


The following notations are used to formulate the mathematical model 
throughout the chapter: 


T Length of cycle time (a decision variable); 

k Finite inflation rate; 

k Fuzzy inflation rate; 

D Demand rate per unit time, is time dependent and expressed 
as D=a-+ bt, wherea, b€ RandbF0; 
Fuzzy demand rate per unit time; 
Unit deterioration rate; 


Finite replenishment rate; 
Unit fraction of imperfectness of production; 
(t) Inventory level with respect to time during production 
period; 
Iz(t) Inventory level with respect to time during the 
non-production period; 
hy Unit holding cost for non-defective items per unit per time 


D 

0 

0 Unit fuzzy deterioration rate; 
m 

a 

qi 


unit; 
hg Unit holding cost for defective items per unit per time unit; 
c Unit purchasing cost per item; 
q Size of each shipment from supplier to the retailer; 
Q Retailer’s order quantity per replenishment (a decision 
variable); 


A(t) Unit ordering cost per item which is expressed as 
A(t) = Ag(1 + kt), where Ao is the constant, ordering cost 


per item; 

ry Unit inspection cost per item per time unit; 

r9 Unit transportation cost of a shipment from supplier to the 
retailer; 

Z(t) Total average inventory cost per unit time (a decision 
variable); 


5.4 Mathematical Model 


The inventory cycle starts with a zero stock level at supply rate m among 
which qa units are imperfect due to faulty machines and deterioration. 
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The replenishment or supply continues up to time ¢;. During the time period 
(0, t1], the inventory piles up due to the demand in the market and stops at 
time t = ¢;. This accumulated inventory level at time t) gradually diminishes 
due to demand and deterioration during the period [¢;, T] and ultimately falls 
to 0 at the end of the cycle period T. After the scheduling period [0, T], the 
cycle repeat itself. 

Now, the differential equations involving the instantaneous state of the 
inventory level in the interval [0, T], together with their initial values, are 
given subsequently: 


dl, (t 
19) + an, (t) =m(1—a) ~D, O<t<t (5.7) 
with the initial condition (0) = 0. 
And dl 
t 
at pha =G4). 4 2eer (5.8) 


with the boundary condition J2(T’) = 0. 
Now, the solution of Equation (5.7) using the initial condition becomes 


n= (BE 24 Fy a soya Geese 


6 @ 0? 


Utilizing the boundary condition, the solution of Equation (5.8) becomes 


a b oT\ _ a+bt  b 
n= (F- pte ( r zm) t#<t<T. 


Here Q = m(1 — a) DT. 
Figure 5.1 represents the graphical form of the inventory model. 


inventory level 


0 ty Tr time 


Figure 5.1 Graphical representation of the inventory model. 
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The elements which take part in calculating the cost function are listed 
below: 


a. Annual ordering cost, OC, is = qAo(1 + kt); 
b. Total holding cost for non-defective items, HCN, is computed as 
follows: 


T 
HCN = qh,(1—a) - h( ne (deal 
0 ty 


Zaha m(1l—a)-—a b e (O+k)ti _ 41 e-kti 4] 
. 0? O+k k 
b [ tye7 Ft eakti _ 4 _ fat oT b eT (O+k) ty e- (O+k)T 
3 ea "\ 9 @ O+k 0 +k 
ab en se RE \ 2b t Te kT _ tye7hta _ eT kT _ wht 
6 @ k a ae k ke 


c. Total holding cost for defective items, HCD, is calculated as follows: 


ty T 
HCD = qhya / nears | Leal 
0 ty 


m(l—a)-a. b e (Ork)tr 4 ew kta 4 
= qhyga t 
6 62 O+k k 
bf tre7*t1 eT Rt a+bT b e  (OFk)t — e—(O+k)T 
| | | 
"@ k k2 0 62 O+k O+k 
4 b enti enkT b { Te-*T — tye7 Ft enkT _ e-kti 
| i 
6 @2 k k a) k k2 ; 


d. The deteriorating cost, DC, is represented by: 


DC = qc [ (m(1 — a) — (a + bt))e“ "dt + ie onal 
0 


ty 


—kt —kt 
= ne| mod 8 en Fy 4 (4s 1 Le —| 
a+bT bd e O+k)t, — e—(O+k)T a b e—ktr gH kT 
6 62 O+k O+k 0 @2 k k 
b { TeW*T — tren htt AT — okt 
if 
6 k k2 
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e. For improving the production process and for maintaining the reputation 
of the business, the retailer follows an inspection policy to inspect all the 
defective items after receiving. Therefore, total inspection cost, IC, per 
replenishment cycle is given by: 


IC = qriQ = @rim(1— a). 
f. Total transportation cost, TC, for all the items received is 
TC =reQ = ragm(1—- a). 


Therefore, the total cost of the system is expressed as: Total cost = 


OC+HCN+HCD+DC-+I1C+TC. 
Hence, the total average cost is 


Z(T,t1) = Te + kt) + 4(h,(1 — a) + hoa) 


m(l-a)—-a , b etki eh 
0 " 92 O+k k 
bf tye7*t1 eT Rt1 - 1 a+obT b e (OFk)ty — e-(O+k)T 

| i 
'@ er to ga : 0 62 O+k O+k 

a b ewkti eTkT b Te kT a tye *kt1 eakT -_ ew kt 

| 
6 @2 k k +5 k k2 


cl 
T 
a+bT  b e(O+k)ty — e— (O+k)T a b e kta eT kT 
6 62 O+k O+k 0 62 k k 
b  Ten7*T — trent kT _ o—kty 2 
( E ae bce . } Srim(l a) + Zram(1 a). 


Therefore, the problem can be represented as 


subject to Q = m(1— a)DT (2) 


Minimize Z(T, t1) 
5.5 Formulation of Fuzzy Mathematical Model 


Let the demand, deterioration and inflation rate follows general fuzzy and 
cloudy fuzzy over the inventory run time and is represented as: 


: <Di, Ds, D3> for NGTFN 
<D2(1- fp), De, Do (1+ 7p)> for CNTFN 
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i <61, 02, 03> for NGTFN 
~ <02(1— pop), 02, 02 (1+ rfp) > for CNTFN 
. <k,, ko, k3> for NGTFN 
Ae <hp (1- pop), ke, ko (1+ 72) > for CNTFN 


where 0 < p,o <1;7 > Oand D, = a, + bit, Dg = ag + bot and 
D3 = a3 + bst. 


Therefore, the corresponding fuzzy problem can be written as 


Min Z(T, t1,a, 6,6, k) = 


(1+ kt) 4 (hy (1 a) + haa) 
m(l—a)—-4@ 4 b e Otk)t 1 ew kti y 
6 62 O+k k 
tye Pt1 ew ht a+oT b e O+k)t; — e—(G+k)T 
i i 
k k2 p 62 O+k O+k 
. ay p - - , 


qd 
T k k 
e(O+k)t, — @— (O+k)T a 6 
O+k 6+k 6 @ 


b/T kT _ 4 kt, kT _ ,—kty 2 
5( is 5 os ee = Srim(l a) + Zram(l a), 


(5.10) 
subject to 


Q=m(1—a)DT (5.11) 
Therefore, with the help of Equation (5.2), the membership function for 
the fuzzy objective function under NGTFEN are given by 


0, ifZ7<2Z, and Z> Zo 
w(Z) =< FH, iS ZS 
Bp if <Z< Zs 


where 


(1+ kit) + 4(h, (1 — a) + hoa) 


m(1—a)— ay _ bt e-(1+ki)t1 4 9 e-kiti_y 
1 : 07 01 a ky ky 
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by tye kita e—kiti _ 17 ; ay +0\T by 
01 ky ke? al 0; 
e7 (91 +k1)ty e7 (91 +k1)T ay bi ew kit e7kiT 
O,+k1 Oi, +k1 04 62 ky ky 
by (Te? —tyenhit1 eT — e- kit 
i i 
"01 ky k2 
= = —kyty —kyt, _ 
_4 a m(1—a)—ai : —kitiy 44 tie e 1 
T T 1 ka ( e ) r OL he + ki 
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ie hk) Ot ke : ke 
vi q 
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A 
2 (1+ ket) 4 phy (1 a) + hoa) 
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02 ko k2 2 05 
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ko k5 02 05 
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Bo ( ko | 2 + —rym(1 — a) + =rem(1 — a) 
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bs (= _ erhets ‘) (e + b3T | 
" 03 k3 k2 03 02 
e-(3tks)t;  e—(83t+k3)T az 3 enkst1 — e-kaT 
( 03 + k3 63 + k3 ) (3 ts) ( kg kg ) 


_b3 Tekst — tye7ksti wie kgT _ e—ksty dings m(1—a)— az 
T T T Cl 
03 kg k2 pT? kg 
eS gg OE ge) | ae a 
Ky ke 03 e 


=3( 


(a1 + 2ag +a3) + beT 


(01 + 202 +03) \ $ (ki + 2k + kg) 


en (hi t2kotks)ti _ 4 
(ker + 2k2 + kg)” 


" + 202 + 93) 


ec (93+k3)t;  — e—(03+k3)T a3 e-k3t1 = e—k3aT 
03 + k3 63 + k3 63 «OB kg kg 
= —k3t —k3T _ p—k3t 2 
} oH es as : | i e é | a rym(1—a)4 rgam(1— a). 
03 kg k3 T 
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Q-Qi_ 
i) (Q) = Q2—-Q1? if Qi << Q < Qe 
BG, if Q2<Q<Q3 
where 
Qi, =m(1-—a)D\T 
Q2 = m(1—a)DeT 
Q3 = m(1—a)D3T 
and the index values of the corresponding functions are given as 
1(2Z) AC 1 22> 4 Zs) = ¥9(1 + er + 2k 4 ks)t) ene) had) 
i oa T 3 T T 4 a Fee TRS T T 1 
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t(a1 + 2a2 + a3) $ (bi + 2b2 + 63) 
7(01 +262 +63) — 5(07 + 263 + 63) 
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Now, from Equation (5.4), the membership function of the fuzzy objective 


function and fuzzy order quantity under the cloudy fuzzy model are given by 


0, if Z< 4%, and Z > Zo 
y (4, T) = $43. if 241 <Z< Za (5.12) 


Ziiiy 
Bown W241 <2 < 231 
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where 
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and 
0, ifQ < Qiu andQ > Qai 
72(Q, T) = eo. if Qu <Q < Qo (5.13) 
pet, if Qu <Q< Qa 
where 
Qu =m(1-a)D(1- ror) T 
Qoa1 = m(1— a) DT 


Now, from Equation (5.5), the index values of cloudy fuzzy objective and 
cloudy fuzzy order quantity are respectively given by 


z L,fP oe 
A= (Zig hOZa 2 Zaar 
B Jr=o 4 


1 B 
= — ‘| (Zax + 2Zo) + Z31)dT 
48 Jo 


[Remark: The above expression leads to a very large mathematical repre- 
sentation and tedious work too. For that reason, only the value is calculated 
with the help of a numerical example. To avoid the unethical value, a small 
number of € is considered where the value of € is >0.] 


17? 4 
I(Q) = 5 f, i@n + 2Q21 + Q31)dT 
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1 B 
=z a _ (Qu +2021 + Qas)a 


5 + (o — p)(6 — log(1+ 8))] 


5.6 Numerical Example 


Let us assume that Ag = $500/order, hy = $300/unit, a = 0.9, hg = 
$400/unit, m = 10, c = $1000/unit, r; = $50/unit, ro = $200/unit, a = 30 
units and b = 40 units for crisp model and <a),a2,a3> = <25, 30, 40>, 
<b1, be, b3> = <35, 40, 50> for fuzzy model, 6 = 0.05 for crisp model and 
<01, 82, 03> = <0.03, 0.05, 0.06> for fuzzy model, k = 0.6 for crisp model 
and <ky, ko, k3> = <0.4, 0.6, 0.7> for fuzzy model. The values of o, p 
and ¢ for cloudy fuzzy model are considered as o = 0.16, p = 0.19 and 
€ = 0.0001 and the obtained results from Equations (5.9-5.13) are shown in 
Table 5.1. The degree of fuzziness is calculated from the formula d¢ = Sat 
where Uy, and Ly are the upper and lower bounds of fuzzy demand and fuzzy 
deterioration respectively, and mj, is their corresponding mode. Assuming 
t = 10, the fuzzy demand and deterioration becomes <375, 430, 540> and 
<0.03, 0.05, 0.06>, respectively. Here, the corresponding mean, median and 
mode for fuzzy demand is calculated as 448.33, 430 and 393.34, respectively 
and similarly, mean, median and mode for fuzzy deterioration is calculated as 
0.04667, 0.05 and 0.05666, respectively, where the mode (m1) = 3x median 
— 2 xmean. 


Table 5.1 Computational results 


Cycle Inventory Order Total Cloud Degree of 
Model Time T Period t; Quantity Q CostZ Index CI Fuzziness dy 
Crisp 5.47 4.59 438.07 1132.21 es 
Model 
Fuzzy 5.24 4.17 451.36 1076.37... 0.419 (fuzzy 
Model demand), 
0.529 (fuzzy 
deterioration) 
Cloudy 10.20 8.11 525.72 875.14 0.237 
Fuzzy 


Model 
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5.7 Sensitivity Analysis 


We now study the effects of changes in the system parameters a, b, k, 0, a, 
r1, hi, and c on the optimal values of 7’, t;, Q and total cost Z for both the 
crisp, fuzzy and cloudy fuzzy model. This sensitivity analysis is performed by 
changing each of the parameters by +30%, +10%, —10% and —30%, taking 
one parameter at a time and keep the remaining parameters unchanged. The 
results based on the above example are shown in Tables 5.2, 5.3, and 5.4, and 
on the basis of these results, Figure 5.2 is drawn. 

The following observations are made from Tables 5.2, 5.3, and 5.4, which 
will clarify the importance of our model. 


a) When the parameters of the demand constraint a and b increase, then the 
total cost of the system decreases for the crisp, fuzzy and cloudy fuzzy 
model but from the tables, one can observe that the total cost is minimum 
for the cloudy fuzzy model with respect to the crisp and fuzzy model. 

b) When the rate of inflation decreases, the total cost of the system 
decreases for the crisp, fuzzy and cloudy fuzzy model but the total cost 
is minimum for the cloudy fuzzy model rather than a crisp and fuzzy 
model. From the analysis, it is shown that uncertainties in inflation rate 
are more practical than the constant inflation rate. 

c) When the rate of deterioration increases, the holding cost for both defec- 
tive items h; and non-defective items hg increase, which will expand the 
total cost of the system inevitably. 

d) A higher percentage of defective items a in the system will raise the 
inspection cost rj of the system during each production cycle. At the 
same time, the number of shipments for repairing of damageable items 
from the retailer to the supplier per lot becomes more, and also shipment 
size increases, which will cause damage in the amount for the retailer. 

e) When the unit purchasing cost c increases, the total cost of the system 
increases and, consequently, the total profit for the retailer decreases. So, 
the manager should order a greater quantity at a time to avoid a higher 
charge against purchasing cost, if the deterioration cost will be less than 
the purchasing cost. 


5.8 Concluding Remarks and Future Studies 


In this chapter, we have formulated an inventory model with fuzzy demand, 
fuzzy deterioration rate, and fuzzy inflation rate and we have compared 
the result through NGTFN and CNTEN. Since the demand of many items, 
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Table 5.2 Sensitivity analysis for various parameters for crisp model 


Crisp Model 
Cycle Inventory Order Total 
Parameters % Change Values TimeT Period t; Quantity @ Cost Z 
a +30 39 5.46 4.68 435.11 1021.57 
+10 33 5.46 4.68 433.10 1045.21 
—10 27 5.44 4.68 432.27 1068.09 
—30 21 5.44 4.68 430.00 1094.42 
b +30 52 5.41 4.65 440.51 1047.96 
+10 Ad 5.40 4.64 449.36 1085.68 
—10 36 5.39 4.63 448.08 1132.74 
—30 28 5.39 4.60 446.47 1176.08 
k +30 0.78 5.31 4.55 452.35 1109.51 
+10 0.66 5.28 4.54 450.22 1127.23 
—10 0.54 5.22 4.53 448.09 1164.02 
—30 0.42 5.17 4.53 448.00 1183.37 
0 +30 0.065 5.44 4.63 444.39 1399.90 
+10 0.055 5.40 4.61 443.94 1371.28 
—10 0.045 5.37 4.59 442.37 1293.77 
—30 0.035 5.35 4.56 441.74 1218.00 
a +30 1.17 5.56 4.64 443.28 1385.23 
+10 0.99 5.54 4.63 442.15 1350.68 
—10 0.81 5.53 4.61 441.07 1287.49 
—30 0.63 5.51 4.58 440.64 1242.16 
ry +30 65 3.92 4.65 435.72 1267.56 
+10 55 5.51 4.63 433.53 1232.00 
—10 45 5.48 4.61 431.60 1188.07 
—30 35 5.45 4.59 430.25 1161.10 
ha +30 390 5.57 4.44 455.21 1568.87 
+10 330 5.56 4.42 453.37 1539.26 
—10 270 5.54 4.40 451.64 1477.80 
—30 210 5.51 4.37 450.71 1456.19 
c +30 1300 5.48 4.53 444.28 1483.59 
+10 1100 5.44 4.52 442.17 1452.07 
—10 900 5.41 4.50 441.06 1407.34 
—30 700 5.37 4.50 440.59 1394.55 


like seasonal foods, clothes, are strongly dependent on time, therefore, the 
demand is regarded as time-dependent instead of constant demand, and then 
fuzzy demand. For delivering a highly demandable product, the company has 
to produce a large amount of items within a very short period of time. So, it is 
very obvious that the production process will be imperfect and the company 
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Table 5.3 Sensitivity analysis for various parameters for fuzzy model 


Fuzzy Model 
Cycle Inventory Order Total 
Parameters % Change Values TimeT7  Periodt, Quantity @ Cost Z 
a +30 39 5.33 4.28 447.23 1142.00 
+10 33 5.32 4.27 446.79 1276.53 
—10 27 5.31 4.27 446.32 1297.31 
—30 21 5.30 4.26 446.10 1305.24 
b +30 52 5.32 4.27 455.21 1198.47 
+10 44 5.32 4.26 455.19 1265.08 
—10 36 5.30 4.25 455.15 1294.12 
—30 28 5.30 4.25 455.11 1348.30 
k +30 0.78 5.26 4.19 452.73 1448.19 
+10 0.66 5.26 4.18 451.69 1407.43 
—10 0.54 5.26 4.18 450.85 1342.36 
—30 0.42 5.25 4.18 449.30 1215.04 
0 +30 0.065 5.10 4.20 443.25 1372.15 
+10 0.055 5.07 4.20 443.20 1254.83 
—10 0.045 5.07 4.20 443.16 1139.74 
—30 0.035 5.07 4.20 443.10 1068.55 
a +30 1.17 5.15 4.22 448.56 1167.38 
+10 0.99 5.14 4.21 447.43 1059.50 
—10 0.81 5.13 4.20 446.39 985.29 
—30 0.63 5.11 4.19 445.35 924.36 
ry +30 65 5.20 4.25 450.14 1269.28 
+10 D9 5.20 4.23 450.27 1147.54 
—10 45 5.19 4.21 450.38 1068.39 
—30 35 5.18 4.20 450.77 1013.70 
he +30 390 5.22 4.33 447.34 1576.36 
+10 330 5.21 4.32 445.90 1457.28 
—10 270 5.20 4.31 443.75 1381.17 
—30 210 5.19 4.30 441.56 1245.36 
c +30 1300 5.27 4.28 460.04 1366.28 
+10 1100 5.26 4.27 461.81 1314.75 
—10 900 5.24 4.26 462.35 1238.00 
—30 700 5.21 4.26 463.57 1147.28 


will deliver a large amount of imperfect items. Among these imperfect items, 
some products are less defective and some are repairable at a lower cost; those 
products will be delivered at a lower price. Some products with defective 
items are highly damageable; they will be rejected immediately from the 
market and for that process, an inspection policy has been required and which 
has included in our model. 
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Table 5.4 Sensitivity analysis for various parameters for cloudy fuzzy model 


Cloudy Fuzzy Model 
Cycle Inventory Order Total 
Parameters %Change Values TimeT Period t; Quantity @ Cost Z 
a +30 39 11.76 9.70 559.24 870.11 
+10 33 11.38 9.59 550.00 872.39 
—10 27 10.82 9.47 548.59 874.50 
—30 21 10.45 9.33 536.05 876.71 
b +30 52 10.67 9.97 568.31 837.65 
+10 44 10.43 9.73 565.30 840.09 
—10 36 10.28 9.56 563.27 844.51 
—30 28 10.10 9.38 561.69 849.66 
k +30 0.78 9.78 8.79 530.65 921.13 
+10 0.66 9.72 8.52 528.28 919.79 
—10 0.54 9.70 8.31 526.74 917.65 
—30 0.42 9.77 8.16 524.55 914.56 
0 +30 0.065 10.87 9.25 535.04 911.48 
+10 0.055 10.64 9.38 534.36 909.23 
—10 0.045 10.53 9.47 533.51 907.40 
—30 0.035 10.41 9.62 532.64 904.78 
a +30 1.17 11.62 10.00 540.73 891.27 
+10 0.99 11.73 10.16 541.50 878.56 
—10 0.81 11.81 10.24 542.88 873.74 
—30 0.63 11.89 10.38 543.67 867.08 
T1 +30 65 11.50 7.56 548.09 811.35 
+10 55 11.42 7.69 546.13 809.49 
—10 45 11.39 7.73 544.18 807.38 
—30 35 11.31 7.84 542.00 804.74 
he +30 390 10.64 8.97 525.89 850.64 
+10 330 10.67 8.83 524.74 847.48 
—10 270 10.75 8.75 523.55 843.77 
—30 210 10.83 8.64 521.37 841.56 
c +30 1300 11.26 9.20 531.26 863.12 
+10 1100 11.49 9.29 530.05 860.45 
—10 900 11.57 9.37 529.33 856.87 
—30 700 11.78 9.41 527.49 852.38 


Here, all the inventory models have studied through crisp, NGTFN and 
CNTEN while the concept of cloudy fuzzy number is quite new in literature. 
From numerical example and sensitivity analysis, it is seen that values of 
inventory cycle time are larger but the values of the degree of fuzziness and 
cloud index are smaller. It is really attracting that the value of total cost 
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Figure 5.2. Graphical presentation to show the convexity of the total cost for crisp model. 


is minimum for a cloudy fuzzy model than the crisp or normal fuzzy model. 
The global optimality of total cost is validated through a figure. The model 
will be useful for the decision maker in planning and controlling the industry. 
The model adds managerial insight which helps industry to obtain a financial 
surplus at an optimal level. 

A possible future study for the proposed model is to consider a multi-item 
inventory model under the trade-credit policy. One can also add a reliability 
function (constant or variable), probabilistic demand, variable lead time, 
etc. The model can also be extended to consider set-up cost reduction in 
production time, and variable shipment size, too. Further, we can extend the 
work by collecting some real data from industry. Then we can also allow 
some more managerial insights based on that collecting real data. 
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Summability methods are a useful tool in dealing with the non-convergent 
series/integrals and assigns a value (number) to it. Signals can be in the 
form of various types of series (Infinite Series, Fourier series etc.) and 
hence, summability theory is applicable in finding the error of approximation. 
In this chapter, the authors gave an introductory discussion on summabi- 
lity process, regularity of summability process and it’s Silverman-Toeplitz 
theorem. Further, they explained about the stability of the frequency response 
of the system. 


6.1 Introduction 


In mathematics, a series is the sum of the terms of an infinite sequence of 
numbers. An infinite sequence {a1, a2, a3,...}, the nth partial sum s,,, is the 
sum of the first n terms of the sequence, that is, 


n 
sn = S ak 
k=1 


A series is convergent if the sequence of its partial sums {s1, 52, 53,... }, 
tends to a limit; that means that the partial sums become closer and closer to 
a given number when the number of their terms increases. More precisely, 
a series converges, if there exists a number / such that for any arbitrarily 
small positive number ¢, there is a (sufficiently large) integer N such that for 
alln > N, 


139 
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If the series is convergent, the number / (necessarily unique) is called the sum 
of the series. 

Any series that is not convergent is said to be divergent. 

In mathematics, a divergent series is an infinite series that is not conver- 
gent, meaning that the infinite sequence of the partial sums of the series does 
not have a finite limit. 

If a series converges, the individual terms of the series must approach 
zero. Thus, any series in which the individual terms do not approach zero 
diverges. However, convergence is a stronger condition: not all series whose 
terms approach zero converge. 

In specialized mathematical contexts, values can be objectively assigned 
to certain series whose sequences of partial sums diverge, in order to 
make meaning of the divergence of the series. A summability method or 
summation method is a partial function from the set of series to values. 

For example, Cesaro summation assigns Grandi’s divergent series 


the value 1/2. Cesaro summation is an averaging method, in that it relies on 
the arithmetic mean of the sequence of partial sums. Other methods involve 
analytic continuations of related series. In physics, there are a wide variety 
of summability methods; these are discussed in greater detail in the article 
on regularization. 

The theory of convergence and summation of series is not always a 
classical section of the analysis. For a long time, the idea that such infinite 
summation could produce a finite result was considered paradoxical by 
many mathematicians and philosophers. This paradox was resolved using the 
concept of a limit during the 19th century. Greek mathematician Archimedes 
(c.287BC-c.212BC) produced the first known summation of an infinite series 
with a method that is still used in the area of calculus. He used the method 
of exhaustion to calculate the area under the arc of a parabola with the 
summation of an infinite series. 

In modern terminology, a “sequence” (called a “progression” in British 
English) is an ordered list of numbers; the numbers in this ordered list are 
called the “elements” or the “terms” of the sequence. A “series” is adding up 
of all the terms of a sequence; the addition, and the resulting value, are called 
the “sum” or the “summation”. A series which is in the form of aj +a2+a3+ 
... = )5°°_| Gm is called an infinite series, where {a,,} is an infinite sequence. 
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When the limit of }*> a, exists, then the series is convergent or summable. If 
an infinite series )~ ay, is not summable in some sense and the series )> anAn 
is summable within the same sense, then \,, is said to be a summability factor 
of the infinite series 5° an. If the summability is absolute, the factors are 
called absolute summability factors. 


6.2 Summability Process 


The theory of convergence of series/integrals came into existence on the solid 
foundations of two splendid researches viz. Cauchy’s Analyze Algébrique 
in 1821 [1] and Abel’s researches on Binomial series in 1826 [2]. But 
it was still not possible to deal satisfactorily with series having oscil- 
lating sequences of partial sums. However, these non-convergent series 
were quite useful and various operations performed on them often led to 
important results which could verified independently. Endeavors of some 
eminent mathematicians made it possible to develop satisfactory methods 
to associate processes closely connected with Cauchy’s concept of conver- 
gence. Moreover, various extensions (summability methods) of the classical 
concept of convergence (contemporary theory of summability) for diver- 
gent series/improper integrals came into light towards the end of the 19th 
century. 

Summability is a field in which we study the non-convergent series/ 
integrals and assigns a value (number) to it. In mathematical analysis, summa- 
bility method is an alternative formulation of convergence of a series which is 
divergent in the conventional sense. Some values can be objectively assigned 
to certain series whose sequence of partial sums diverges. In 1890 [3], Cesaro 
was the first to deal with the sum of divergent series and defined Cesaro 
summation. 

For instance, followings are some interesting cases, for which the assign- 
ment of limits can be done, 


e Real or complex sequences for the limit process ‘n — 00’, 

e Series (convergence of series), 

e Sequences and series of functions like power series, Fourier series, etc., 
e Limit of a function at a point (continuity, continuous extension), 

e Differentiation of functions, 

e Integration of functions. 


For example, Cesaro summation assigns Grandi’s series 1—1+1—1+1- --- 
the value 1/2. 
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Throughout the 19th century, many mathematicians studied various 
divergent series and defined numerous Summability methods namely Abel 
summability, Cesaro summability, Euler summability, Hausdorff summa- 
bility, N6rlund summability, Riesz summability etc. Toeplitz (1881-1940) 
presented the summability methods in a most appropriate way. The summa- 
bility theory has been also developed by Bosanquet [4, 5], Hyslop [6], 
Chow [7], Wang [8], Bor [9, 10], Ozarslan [11], Ozarslan and Ari [12], 
Sulaiman [13, 14] and other mathematician, particularly with regard to its 
use in the study of series. 


6.3 Types of Summability 
There exist three types of summability, 


Ordinary Summability, 
Strong Summability, 
Absolute Summability. 


6.3.1 Ordinary Summability 


Let )> a, be an infinite series of real numbers with a sequence of partial sums 
{Sn} and T = (a,,,) be an infinite matrix with real or complex constants. 


11 a42 Qin 
21 a22 O2n 
ie— 
iba Am2 +--+ Amn | 


Then, the sequence-to-sequence transformation t,, = ye pt An,kSk defines 
the matrix transform of the sequence {s,,}°°_,. The sequence {s,,} or the 
series 5 dp, is said to be matrix summable to s, if lim ty = s. 

n—-Ooo 


6.3.2 Strong Summability 


The infinite series }°°° ) a, with the sequence of the partial sum {s,,} 
is strong summable with index k by the method A (A-summable) to the limit s, 
if itis A-summable to s, 
n 
and S° i* |t; —ti1|* = O(n), asn—> oc, (6.1) 
i=1 
It is denoted by [A], or [A, &]. 
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6.3.3 Absolute Summability 


The infinite series )>°° yan with the sequence of the partial sum {s,,} 
is absolute summable by the method A (A-summable) to the limit s, if it 
is A-summable to s and the sequence {t,} is of bounded variation, i.e. 
mathematically 


lim tn, = s (6.2) 
noo 
and S> lta ti bs OS. (6.3) 
n=1 


The infinite series $°°° 9 @n with the sequence of the partial sum {s,} 
is absolute summable with index k by the method A (A-summable) to 
the limit s, if it is A-summable to s and the sequence {t,,} is of k indexed 
bounded variation, i.e. mathematically 


lim t, = s 
nN—-0o 


and S° nk} \tn — tale < OO. (6.4) 


n=1 


It is denoted by | AJ, or |A, &]. 


6.4 Regularity of a Summability Process 
The summability matrix T or the sequence-to-sequence transformation t, is 


said to be regular, if 


lims,=s & lmt,=s. 
n—-oo n—- Ooo 


Silverman and Toeplitz gave a theorem defining the necessary and suf- 
ficient conditions for the summability method to be regular which further 
known as Silverman-Toeplitz Theorem. 


6.5 Silverman-Toeplitz Theorem 


In order that T should be regular, it is necessary and sufficient that 


> oy |Gn,k| < M, where M is a finite constant independent of n, 
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lim an, = 0, for each k, 
n-Cco 


and lim \°" ja, 4 = 1. 
ean Dk=0 An,k 


The regular matrices are called Toeplitz matrices. 


6.6 Application of Absolute Summable Factor for Stability 


The purpose of applying absolute summability is to ensure control over the 
output so that the system remains stable for the assumed conditions. This 
process will make the system stable if the input data satisfy the conditions 
which are required for the absolute summability. Consider, the input (load) 
data is in the form of a periodic signal that can be represented as a harmonic 
summation of sinusoids. The input data is unbounded and hence the resulted 
variation in the output data would not be represented as a bounded variation. 
Summability methods are suitable for converting the unbounded data into a 
bounded data or filtering the data for stability. 

A necessary and sufficient condition for a system to be BIBO (Bounded 
Input Bounded Output) stable is that the impulse response be absolutely 
summable, i.e., 


BIBO stable ==> » |h(n)| < 00. 


N=—0o 

Summability techniques are trained to minimize the error. With the use of 
summability technique, the output of the signals can be made stable, bounded 
and used to predict the behavior of the input data, the initial situation and the 
changes in the complete process. 

The absolute summable factor has been applied to an infinite series, in 
order to obtain the frequency response, frequency response function and 
behaviour of magnitude of frequency response of the system. The details of 
the investigation are as follows. 


6.6.1 Stability of the Frequency Response of the Moving 
Average System 


Let there exist a moving average system [15] and its impulse response is 
1 

T, = &Xi+ X24+1? 

0, otherwise. 


X1<n< Xa, 
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The representation of frequency response (FR) of system is 
A (e"”) = S> Tne Ie”. 
n=—0oco 


The frequency response function (FRF) exists if the condition of stability 
is satisfied by the system because the condition of stability is sufficient for 
FRF to exist. 


(oe) 
) Lei 


n=— CoO 


| (e™)| = 


(oe) 


>> lero 


n=— CoO 


IA 


oe) 


SEL 


n=— CO 


IA 


That is, the transient response is bounded by the sum of the absolute 
values of all the impulse response samples. If the right-hand side is bounded, 


Le., if 
(oe) 
Ss |In| < 00, 


n=—-CO 
then the system is stable. It follows that, for stable systems, the transient 
response must become increasingly smaller as n — oo. Thus, a sufficient con- 
dition for the transient response to decay asymptotically (die out) is that the 
system be stable. 

Thus, if J,, satisfy the condition of absolutely summable, then H (e”) 
exists. In this condition, the infinite series will uniformly converge to a 
function of w, which is continuous. A stable sequence is absolutely summable 
and all stable sequences have Fourier transforms. Hence, in this way stable 
system, having an absolutely summable impulse response, can made finite 
and contains continuous frequency response. 


“ | iw) 7 1 sin[w(X1 + X2q + 1)/2] —~jw(X2—X1) /2 
e€ = : c ; 
Fe oe ml sin(w/2) 


Figure 6.1 represent the plot of magnitude of H(e’”) for X, = 0 and 


X» = 4 and the typical values of H(e?”) up to first ten terms have been 
reported in Table 6.1. This can be expressed as 
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; 1 juM, _ ,jw(M2+1) 
H (eJ”) = — 

M,+ M2+1 1l—e-jv 

7 1 ei@(Mi+M241)/2 _ 9—jw(Mi+M24+1)/2 ooio(Ma—Mi41)/2 
M, Me 1 1—e jw 

1 ei w(M1+M2+1)/2 _ 6—jw(Mi+M2+1)/2 jw(Ma—M,)/2 

a —jw(M2—-M, 
M,+Mo+1 ejw/2 — e-jw/2 ° 

_ 1 sin (w(My ae Mz + 1)/2) e7e(M2—M1)/2_ 
M, + M2+1 sin (w/2) 

Frequencies around w = 27 are indistinguishable from frequencies 


around w = 0. In effect, however, the frequency response passes only low 
frequencies and rejects high frequencies. Since the frequency response is 
completely specified by its behavior over the interval —7 < w < 7, the 
ideal low pass filter frequency response is more typically shown only in the 
interval —7 < w < 7m. It is understood that the frequency response repeats 
periodically with period 27 outside the plotted interval. 

The value of H(e”) represent the periodicity, which is the require- 
ment for a discrete-time system to have the frequency response. At high 
frequencies, the value of |H(e”’)| falls off. So, the high frequency extenuates 
and suggest that the input sequence of the system will smooth out the 
rapid variation. It can be assumed that the system is representing the rough 
approximation for a low pass filter. 


S 
0 


S 
a 


|H(e'®)| 


0.4 


-2m 2m 


Figure 6.1 The moving-average system showing magnitude of the frequency response for 
the case _X, = 0 and X2 = 4. 
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Table 6.1 Typical values of magnitude of the frequency response for w € [—27, 27] with 


n= 54 

Number of Terms w |H (e? ) | 

1 —6.2832 1 

2 —5.969 0.904013939 
3 —5.6549 0.647246684 
4 —5.3407 0.311499158 
5 —5.0265 4.10389E-05 
6 —4.7124 0.199995592 
Fi —4,3982 0.247210926 
8 —4.0841 0.158733819 
9 —3.7699 5.87993E-06 


= 
j=) 


—3.4558 0.143167524 


Absolute summability is a sufficient condition for the existence of a 
Fourier transform representation, and it also guarantees uniform convergence. 
The impulse responses are absolutely summable, since they are finite in 
length. Clearly, any finite-length sequence is absolutely summable and thus 
will have a Fourier transform representation. In the context of LTI systems, 
any FIR system will be stable and therefore will have a finite, continuous 
frequency response. However, when a sequence has infinite length, more 
focus should be the convergence of the infinite sum. 


6.6.2 Stability of the Frequency Response of the Oscillating 
Impulse System 


Let there exist a sequence with impulse response 


{i had ha ei ie ee Sas eh Se Bok 


The representation of frequency response (FR) of system is 


[oe] 
H(e!”) = S> ew, 
n=—0co 
The frequency response function (FRF) exists if the condition of stability 
is satisfied by the system because the condition of stability is sufficient for 
FRF to exist. 


(eo) =| one 


n=— CoO 
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ia . 
< a lier te" | 
n=— Co 
(oe) 
< Dy Mal. 
n=—0co 
That is, the transient response is bounded by the sum of the absolute 
values of all the impulse response samples. If the right-hand side is bounded, 


Le., if 
[oe 


S- [Lal < 06, 
n=—0o 
then the system is stable. It follows that, for stable systems, the transient 
response must become increasingly smaller as n — oo. Thus, a sufficient 
condition for the transient response to decay asymptotically (die out) is that 
the system be stable. 

Thus, if J, satisfy the condition of absolutely summable, then H(e/”’) 
exists. In this condition, the infinite series will uniformly converge to a 
function of w, which is continuous. A stable sequence is absolutely summable 
and all stable sequences have Fourier transforms. Hence, in this way stable 
system, having an absolutely summable impulse response, can made finite 
and contains continuous frequency response. 


cos(87w/2) o-43iw 
cos(w/2) 
Figure 6.2 represent the plot of magnitude of H(e!”) for n = 86 and the 


typical values of H(e”) up to first ten terms have been reported in Table 6.2. 
This can be expressed as 


H(e3”) = 


86 
H(e?”) = Ss uel e own 
n=0 
86 
= Ss" (-e Jv)" =1-e 4 7M _ 8M te 8HIY 
n=0 
tex (ey 14 e8tiw 
1-(-e-*) 1 +e-fu 


eoijw/2 Be e 87jw/2 e 87jw/2 cos (87w/2) _86jw/2 
e€ : 


ejw/2 + e jw/2 ejw/2 cog (w/2) 
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110 


|H(ei ®)) 


-2n 0 2m 
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Figure 6.2 The system showing magnitude of the frequency response for the case n = 86. 


Table 6.2. Typical values of magnitude of the frequency response for w € [—27, 27] with 


n= 86 
Number of Terms w |H (e? 3) | 
1 —6.28319 1 
2 —6.12609 0.8548 12693 
3 —5.96899 0.4580518 
4 —5.81189 0.083413884 
> —5.65479 0.621052955 
6 —5.49769 1.001846235 
7 —5.34059 1.107594056 
8 —5.18349 0.887122921 
9 —5.02639 0.373646363 
10 —4.86929 0.31721244 
Now : 
cos (87w/2 
|H(e””)| —_ ( / ) 
cos (w/2) 
Frequencies around w = 27 are indistinguishable from frequencies 


around w = 0. In effect, however, the frequency response passes only low 
frequencies and rejects high frequencies. Since the frequency response is 
completely specified by its behaviour over the interval —7 < w < 7, the 
ideal low pass filter frequency response is more typically shown only in the 
interval —7 < w < 7. It is understood that the frequency response repeats 
periodically with period 27 outside the plotted interval. 

The value of H(e?”) represent the periodicity, which is the requirement 
for a discrete-time system to have the frequency response. At high frequen- 
cies, the value of |H (e”)| falls off. So, the high frequency extenuates 
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and suggest that the input sequence of the system will smooth out the 
rapid variation. It can be assumed that the system is representing the rough 
approximation to a low pass filter. 

Absolute summability is a sufficient condition for the existence of a 
Fourier transform representation, and it also guarantees uniform convergence. 
The impulse responses are absolutely summable, since they are finite in 
length. Clearly, any finite-length sequence is absolutely summable and thus 
will have a Fourier transform representation. In the context of LTI systems, 
any FIR system will be stable and therefore will have a finite, continuous 
frequency response. However, when a sequence has infinite length, more 
focus should be on the convergence of the infinite sum. 


6.6.3 Stability of the Frequency Response of the 
Exponential System 


The stability of the system can be achieved using absolute summability. Let 
there exist a sequence 


in = tiere se: = a 
Stern = 60) 
The representation of frequency response (FR) of system is 
Hl = Ss" dye es 
n=—0oo 


The frequency response function (FRF) exists if the condition of stability 
is satisfied by the system because the condition of stability is sufficient for 
FRF to exist. 


oo 
> Ce 


nN=—CoO 


< 3S [tae 


n=—CO 


|(e")| = 


(oe) 


< So lhl. 


n=—CoO 


That is, the transient response is bounded by the sum of the abso- 
lute values of all the impulse response samples. If the right-hand side is 
bounded, i.e., if 
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(oe) 


S° T,.| < 00, 
n=—Co 
then the system is stable. It follows that, for stable systems, for stable systems, 
the transient response must become increasingly smaller as n — oo. Thus, 
a sufficient condition for the transient response to decay asymptotically (die 
out) is that the system be stable. 

Thus, if J, satisfy the condition of absolutely summable, then H(e”) 
exists. In this condition, the infinite series will uniformly converge to a 
function of w, which is continuous. As a stable sequence is, absolutely 
summable and all stable sequences have Fourier transforms. Hence, in this 
way stable system, having an absolutely summable impulse response, can 
made finite and contains continuous frequency response. 


6.6.3.1 Stability of frequency response of the exponential 
system up to n= 0, 1, 2,..., 88 
Let there exist a sequence 
Aint = {1, ee a ee eo} 
Ses 0<n< 88}. 


The representation of frequency response (FR) of system is 
H(e”) > pe: e sun. 
n=—0oco 


The frequency response function (FRF) exists if the condition of stability 
is satisfied by the system because the condition of stability is sufficient for 
FRF to exist. 

Figure 6.3 represent the plot of magnitude of H (e!”) for n = 88. This 
can be expressed as 


H(e3”) > e Je —jwn 
= y e JU+w)n 
n=0 


=e e J(l+w) Bs e 2i(1+w) + efi (1+w) Loe e 88i(1+w) 
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Figure 6.3. The system showing magnitude of the frequency response for the case n = 88. 


For the geometric series with common ratio r = e~/ ae) 


1 — e—89i(1+w) 


Jw) 
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__ €89j(1+w)/2 _ g-89j(1+w)/2 ¢-895(1+w)/2 
ej(lt+w)/2 _ e-j(lt+w)/2 — @—j(1+w)/2 
_ sin (89(1 + w)/2) 88) (1+ w)/2 
sin ((1 + w)/2) 
Magnitude of H(e?”’) 


eiwy| — [Sin (89(1 + w)/2) -sajatuy/2 
|= aaa 
_ sin (89(1 + w)/2) 
sin ((1 + w)/2) ° 


Frequencies around w = 27 are indistinguishable from frequencies 
around w = 0. In effect, however, the frequency response passes only low 
frequencies and rejects high frequencies. Since the frequency response is 
completely specified by its behaviour over the interval -7 < w < 7, the 
ideal low pass filter frequency response is more typically shown only in the 
interval —7 < w < 7. It is understood that the frequency response repeats 
periodically with period 27 outside the plotted interval. 
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Table 6.3 Magnitude of the frequency response for w € [—47, 47] with n = 88 


Number of Terms w |H (e? ) | 

1 —6.28319 1.032246465 
2 —6.12609 1.178464926 
3 —5.96899 1.131083616 
4 —5.81189 1.095609836 
5 —5.65479 1.0670272 

6 —5.49769 1.042603617 
7 —5.34059 1.020664376 
8 —5.18349 1.000054267 
9 —5.02639 0.979862159 


= 
So 


—4.86929 0.959248872 


The value of H(e/”’) represent the periodicity, which is the requirement 
for a discrete-time system to have the frequency response. At high frequen- 
cies, the value of |H (e”)| falls off. So, the high frequency extenuates and 
suggest that the input sequence of the system will smooth out the rapid varia- 
tion. We can also say that the system is representing the rough approximation 
to a low pass filter. 

Absolute summability is a sufficient condition for the existence of a 
Fourier transform representation, and it also guarantees uniform convergence. 
The impulse responses are absolutely summable, since they are finite in 
length. Clearly, any finite-length sequence is absolutely summable and thus 
will have a Fourier transform representation. In the context of LTI systems, 
any FIR system will be stable and therefore will have a finite, continuous 
frequency response. However, when a sequence has infinite length, we must 
be concerned about convergence of the infinite sum. 


6.6.3.2 Stability of frequency response of the exponential 
system up to n=0, 1, 2,..., 176 
Let there exist a sequence 


ae {1, A mae ae ee “eos 
ey 0<n< 176}. 
The representation of frequency response (FR) of system is 


(oe) 
H(e!”) = S> Tee or 


n=—CoO 
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The frequency response function (FRF) exists if the condition of stability 
is satisfied by the system because the condition of stability is sufficient for 
FRF to exist. 

Figure 6.4 represent the plot of magnitude of H(e?”) for n = 88. This 
can be expressed as 


176 

H(e?”) = ) ge ite Jwe 
n=0 
176 


= Ss" e J(l+w)n 
n=0 


= 14 en HI+w) 4 e-2i(1+w) 4 o-3I0+W) 4... 4 eH 1T6i(+w) 


For the geometric series with common ratio r = e~/ ore) 


H(el”) = ete 


Magnitude of H(e?”) 


sin (177(1 + w)/2) 
sin ((1 + w)/2) 


Frequencies around w = 27 are indistinguishable from frequencies 
around w = 0. In effect, however, the frequency response passes only low 
frequencies and rejects high frequencies. Since the frequency response is 
completely specified by its behaviour over the interval -7 < w < 7, the 
ideal low pass filter frequency response is more typically shown only in the 
interval —7 < w < 7. It is understood that the frequency response repeats 
periodically with period 27 outside the plotted interval. 

The value of H(e/”) represent the periodicity, which is the requirement 
for a discrete-time system to have the frequency response. At high frequen- 
cies, the value of |H (eJ”)| falls off. So, the high frequency extenuates and 
suggest that the input sequence of the system will smooth out the rapid varia- 
tion. We can also say that the system is representing the rough approximation 
to a low pass filter. 

Absolute summability is a sufficient condition for the existence of a 
Fourier transform representation, and it also guarantees uniform convergence. 


|H(e”)| = 
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Figure 6.4 The system showing magnitude of the frequency response for the case n = 176. 


The impulse responses are absolutely summable, since they are finite in 
length. Clearly, any finite-length sequence is absolutely summable and thus 
will have a Fourier transform representation. In the context of LTI systems, 
any FIR system will be stable and therefore will have a finite, continuous 
frequency response. However, when a sequence has infinite length, we must 
be concerned about convergence of the infinite sum. 
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Table 6.4 Magnitude of the frequency response for w € [—47, 47] with n = 176 


Number of Terms w |H (e? ”) | 
1 —6.28319 1.064169 
2 —6.12609 1.05443 
3 —5.96899 1.04664 
4 —5.81189 1.040209 
5 —5.65479 1.034758 
6 —5.49769 1.030034 
7 —5.34059 1.025862 
8 —5.18349 1.022113 
9 —5.02639 1.018694 
10 —4,86929 1.015531 


6.7 Conclusions 


The theory of summability has many uses throughout analysis and applied 
mathematics, for example, in analytic continuation, quantum mechanics, 
probability theory, Fourier analysis, approximation theory and fixed-point 
theory. The methods of almost absolute summability and statistical summa- 
bility have become an active area of research in the recent years. They are 
used in applied analysis for the generation of iterative methods in solution 
of the linear system of equations and for both the creation and acceleration of 
convergence of a Fourier series in approximation theory. The Fourier series of 
functions in the differential equation give some prediction about the dynamics 
of the solution of differential equation. 

The summability techniques are wildly used in approximating the signals 
of digital filters such as finite impulse response filters [FIR filters] and infinite 
impulse response filters [IIR filters]. This feature of summability has a variety 
of applications like in signal processing, audio signal processing, speech and 
image processing, communications, radar, sonar, medical signal processing, 
etc. For an engineering problem having piecewise finitely differentiable data 
with jump discontinuities, there are more sophisticated ways to use the 
sampled data to obtain a more accurate solution using the approximations 
of the Fourier coefficients by summability techniques. With the help of a 
minimal set of sufficient conditions for a model, the error can be minimized 
by using summability methods so that the output data is filtered and according 
to our interests. 
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This work is related to various parameters that are considered in the design 
of the manufacturing control and the automation. Manufacturing system can 
be designed in accordance to the techniques used to provide final state of 
product that may be finished or semi-finished. Additive subtractive and rapid 
prototypes are being used in the manufacturing design. The design of control 
system is done by two types one in the open type control system and other 
is the closed type control system. Feedback loop is absent in the open type 
control system. Modern control system is designed with computer system 
that can be changed according to computer programs. Automation can be 
designed according to type of flow and other volume of product that must be 
controlled. 


7.1 Introduction 


Before you start reading this chapter, pause and scrutinize your surroundings. 
There are many objects around you like chair, cell phone computer, light 
fixture and mechanical pencil. While observing them you will realize that 
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all these objects, including various individual components, are made from 
a wide variety of materials which have been assembled and produced into 
various useful objects. There are many objects which are soft and are made 
from one component like paper clip, nail, spoon, and door key. Whereas 
many other objects consist of numerous individual pieces that are built and 
assembled by a combination of processes called manufacturing. The word 
“manufacture” is derived from two Latin words ‘‘menu and facts’’, which 
mean “made by hand” and appeared in English in 1567. In 1683, the word 
“manufacturing” first immerged, whereas in 15th century “production’’, 
came nonexistence which is many times used interchangeably with the word 
manufacturing. Manufacturing is concerned with making products [1]. But 
many times, manufactured products may be used to produce other products, 
such as 


(a) Press, to shape flat sheet metal into automobile bodies, 

(b) Drill, for producing holes, 

(c) Industrial sewing machines, for making clothing at high rates, and 
(d) Numerous pieces of machinery, 


These small or large individual items ranging from Pen nib to electric 
motors to crankshafts and connecting rods for automotive engines are used for 
manufacturing different products wherein they are a part of final product. It is 
also noteworthy that these small objects like needle, nuts, paper clips, safety 
pin are also individual products which are being manufactured individually. 
Contrary to this, there are other products which used directly as end product 
like plastic pipes, spool of wire. Products like these are used directly by 
cutting them as per the requirement [2]. As the process of manufacturing 
typically starts with procurement of raw material ,which is then processed 
to make finished goods , the raw material also has certain monetary value 
even before processing. For example, iron has monetary value even before 
it is processed into knives, nails, cutlery, pans, plumbing fixtures etc. After 
the manufacturing process value is added to the raw material. Similarly, final 
products have more value as compared to the raw material used to make it. 
Products such as play station, air conditions, Athletic shoes are thus called 
value added products. 

Historically, the commercial production of goods started with manufac- 
turing of household items which were made from wood, stone or metal. 
Initially, materials like gold copper and iron were used to make utensils and 
decorative items thereafter silver, led, tin, bronze and brass were also used for 
same purpose. In the beginning, casting was used as the processing method 
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as it is easier process. But with changing times and technological innovation, 
this simple molding method developed into more complex process to facili- 
tate faster, cheaper, and quality industrial production for instance, during the 
16th and 17th centuries lathe machines were chief sources of screw thread 
manufacturing processes, but it was not until some three centuries later that 
automatic screw machines were developed. 

The change in traditional manufacturing methods, through manual labor, 
occurred after first industrial revolution in England which began in the 1750s. 
In the mid-1900s, second industrial revolution began with improvement 
of solid-state electronic devices and computers [3]. England and Europe 
were pioneers in this change in methods of manufacturing which occurred 
initially in textile industries and manufacturing industries involving metal 
cutting procedures. Further development in manufacturing began in 1800 
century as an American Eli Whitney improvised the use of machinery with 
replaceable part, improved design, and speeding up of production process [4]. 
The introduction of replaceable parts has revolutionized the manufacturing 
industry which was not the case earlier as it was considered almost impossible 
that two manufactured parts can meet similar specifications [5]. Nowadays 
even a smallest nut or pin can be made with specific accuracy and can 
be replaced on a machine even after decades of use. The early 1940s was 
a golden period for manufacturing industry with innovation in numerous 
household and industrial goods. These innovative products were new to the 
world and consumer market. Many benchmarks were achieved during this era 
of research and innovation in technological advancement and manufacturing. 
While studying the history of manufacturing, the gradual growth can be 
traced back to Roman era (~500 B.C. to 476 A.D.) when glassware, cutlery, 
weapons were all made manually involving tedious and tiresome labor in 
factories of Rome. In today’s high-tech manufacturing process ,the tiresome 
labor is replaced with time saving and fast mass production like (a) aluminum 
beverage cans are made at rates of more than 500 per minute, with each can 
costing about four cents to make, (b) holes in sheet metal are punched at rates 
of 800 holes per minute, and (c) incandescent light bulbs are made at rates of 
more than 2000 bulbs per minute each costing less than one dollar. 


7.2 Steps in Design of Manufacturing Systems 


Before understanding the type of manufacturing is also necessary to under- 
stand how the design of manufacturing works. It starts form the demand in 
the market and definition of the product that is needed as shown in Figure 7.1. 
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Figure 7.1 Flowchart of manufacturing. 


7.3 Types of Manufacturing 


The manufacturing can be divided according to the following types 


1. Additive manufacturing 
2. Subtractive manufacturing 
3. Rapid prototyping 


7.4 Additive Manufacturing (AM) 


As the name suggests this process involves addition of material to complete 
the desired product. Most of the manufacturing processes are involved with 
removal of materials but this process employs layer by layer addition of mate- 
rial to achieve the product. “Solid freeform fabrication” (SFF) technologies 
is the name given to such class of processes. The technologies involving 
addition of materials are 3D printing, rapid prototyping, direct digital man- 
ufacturing etc. Earlier due to high cost these technologies were involved in 
prototype manufacturing only. But now these technologies have found their 
way in for bio-medical applications. Most recently a prototype of human lung 
was grown in International Space Station using 3D printing. Dentures have 
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been produced using rapid prototyping also knee joints, hip bone replacement 
joints are nowadays made using additive manufacturing techniques owning 
to their accuracy. These customized products have paved the way for rapid 
prototyping techniques to more common use and have given a new domain 
from narrow rapid prototyped products [6]. Some advancements in the field of 
additive manufacturing processes include Vat photopolymerization, Material 
jetting, Binder jetting etc. A comparative study was conducted by the World 
Technology evaluation centers (WTEC) on integrative A/S approaches to 
material synthesis and manufacturing in United States and Europe in the 
framework of direct manufacture of products. The report not only reviews the 
techniques of A/S manufacturing but has given a peek into the application 
of these techniques for advanced bio-medical uses like tissue modeling, 
implants construction etc. [7]. 

Additive manufacturing is the process of manufacturing in which the 
product is formed with the addition of the layers into the from the third-party 
material. For example, welding, the welding is the well-known process of the 
additive manufacturing. 


7.4.1 Design of Additive Manufacturing System 


Additive Manufacturing (AM) has recently become a higher end research 
topic due to its ability to provide limitless applications in restructuring and 
remodeling of parts. Technologies like rapid prototyping are increasingly 
used for bio-medical applications. The National Science Foundation even 
organized a workshop to bridge the gap between industry and research and 
to motivate for the use of AM. This section of the chapter is aimed at 
discussing a brief of points discussed in that workshop to help advance the 
AM procedures in forwarding the technology: 


I. Conjunction of AM and traditional manufacturing processes so that the 
present structure of industries can be benefited. 
II. Proper selection of AM processes and material selection on the merit of 
material properties fit for a particular process, need and utilizzation. 
II. Incorporating the use of computational tools to avoid excessive costs in 
AM techniques [5]. 


7.4.2 Subtractive Type Manufacturing 


As the name suggests the process of subtractive manufacturing involves 
removal of material from a 3D block and reducing it to desired shape. 
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Earlier manual cutting of metal was employed which is now replaced by 
advanced CNC machining process. The tool holders as well as the job holders 
move along all possible axis of rotation and also in sync with each other to 
conceive the desired product mitigating the need of flipping the block as in 
manual processes. An example that established the supremacy of subtractive 
manufacturing is the ability to machine an extremely thin piece of plastic 
into a living hinge which is not yet possible for a 3D printer. For those 
prototypes that require living hinge components, it is useful to produce 
certain parts using additive manufacturing while using the CNC machine for 
specialty components like a living hinge. The technological juggernaut has 
continuously evolved the term machining over the past 1500 years and its 
meaning is not just limited to removal of materials. Going by the general 
timeline a person in the 18th century working mostly by using hand tools and 
performing operations involving wooden carving, forging, fitting or involved 
in general assembly or repair or machined was called as “machinist”. With 
development of engines the inventors like James Watt started to fir in the def- 
inition of machinist, but still the noun and verb form of the word machinist 1.e. 
machined, and machining did not yet exist. These came into existence in the 
19th century and were now recognized as worldwide concepts. The dawn of 
machine age brought the classification of machining processes and machines. 
Now the processes like turning, boring, planing, milling, tapping, sawing, 
shaping, drilling, reaming, and broaching had their very own existence and 
dedicated specialists for each kind of process. The development of these pro- 
cesses evolved the cutting tools associated with them and continuous efforts 
to improve the metal removal rate and efficiency were made. In the modern 
age the machining processes are now classified as conventional and uncon- 
ventional processes. The conventional processes involve traditional processes 
like turning drilling etc. and the non-conventional ones new technologies such 
as electrical discharge machining (EDM), electrochemical machining (ECM), 
electron beam machining (EBM), ultrasonic machining etc. 


7.4.3 Machining Process in Subtractive Manufacturing 


As any machining process is performed the workpiece so obtained has a 
different surface finish and sometimes the surface microstructure varies as 
well due to grain cutting or heat treatment received due to frictional heat. 
The process of turning can be simply defined as removal of material from 
the workpiece which is experiencing constant rotation and the single point 
cutting tool is applied on its surface to remove material in form of chips. 
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The most common machine performing this operation is lathe and the 
advanced version in CNC machine. Materials having a range of hardness 
from wood to steel to Titanium can be machining via turning process. Various 
machining processes can be performed on a lathe similar to turning are facing, 
tapering, knurling etc. Next comes a conventional drilling process employed 
to create holes in a job. The drilling tool is a multipoint cutting tool that 
has two or four helical cutting edges. The direction of feed of tool and axis of 
rotation of the tool are in line to the workpiece. After successful generation of 
hole in the workpiece the hole is smoothened, or its diameter is adjusted by an 
operation known as boring. The tool employed for a boring process involves 
a single bent pointed tip is pushed into the drilled hole to improve its finish, 
so boring can be regarded as a finishing process. Another process performed 
to remove material from an already drilled hole is called reaming and it is 
regarded as much finer process as the material removed is very small. Another 
process known as milling is performed to obtain plane or straight surface with 
the help of a rotating tool with multiple cutting edges which is moved slowly 
relative to the material. Other conventional machining operations include 
shaping, planing, broaching and sawing. Also, grinding and similar abrasive 
operations are often included within the category of machining. 


7.4.4 Cutting Tools for Subtractive Manufacturing 


Cutting tool is employed to remove material from the workpiece with help 
of one or more cutting edges e.g. a single point cutting tool is used lathe 
whereas a milling cutter has many cutting edges. Some examples of processes 
involving the use of single point cutting tool are planning, boring, turning 
etc. When machining is performed the edge of the tool goes through the top 
surface of the workpiece. In case of multi point cutting tools, the cutting edge 
is rotated with respect to the workpiece to achieve the desired machining. 
There is a contrasting difference between the shapes of single point and multi 
point cutting tools although the tool geometries and other vital tool elements 
can be similar. The major property that helps in selection of the cutting tool 
is the hardness which should be greater than the harness of material to be cut. 
There are two major parts of a cutting tool: 


e The rake face 
e The flank 


The job of the rake face is to direct the material removed in form a chip to 
a desired angle called as the rake angle so that smooth machining operation 
can be carried out. The rake angle is measured along the plane perpendicular 
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to the work surface. The value of rake angle defines the type of machining 
operation performed. Positive rake is used for softer materials while negative 
rake is sued for harder materials and the neutral rake is avoided as it causes 
carter and wear. To protect the newly formed surface of the workpiece from 
sudden abrasion or wear flank comes into play and the angle between the 
workpiece and flank is called as the relief angle. 


7.5 Rapid Prototyping 


Rapid prototyping (RP) is a new manufacturing technique that allows for 
fast fabrication of computer models designed with three-dimension (3D) 
computer-aided design (CAD) software. RP is used in a wide variety of 
industries, from shoe to car manufacturers. This technique allows for fast 
realizations of ideas into functioning prototypes, shortening the design time, 
leading towards successful final products. RP technique comprises of two 
general types: additive and subtractive, each of which has its own pros and 
cons [9]. Subtractive type RP or traditional tooling manufacturing process is 
a technique in which material is removed from a solid piece of material until 
the desired design remains. Examples of this type of RP includes traditional 
milling, turning/lathing or drilling to more advanced versions — computer 
numerical control (CNC), electric discharge machining (EDM). Additive type 
RP is the opposite of subtractive type RP. Instead of removing material, the 
material is added layer upon layer to build up the desired design such as stereo 
lithography, fused deposition modeling (FDM), and 3D printing. 


7.5.1 Advantages and Disadvantages of Rapid Prototyping 


Subtractive type RP is typically limited to simple geometries due to the tool- 
ing process where the material is removed. This type of RP also usually takes 
a longer time, but the main advantage is that the end product is fabricated 
in the desired material. Additive type RP, on the other hand, can fabricate 
most complex geometries in a shorter time and lower cost. However, additive 
type RP typically includes the extra post-fabrication process of cleaning, 
post-curing or finishing. 

Here are some of the general advantages and disadvantages of rapid 
prototyping [1]: 

Advantages: 


1. Fast and inexpensive method of prototyping design ideas 
2. Multiple design iterations 
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3. Physical validation of design 
4. Reduced product development time 


Disadvantages: 


1. Resolution not as fine as traditional machining (millimeter to sub- 
millimeter resolution) 
2. Surface flatness is rough (dependent of material and type of RP) 


7.5.2 Types of Rapid Prototypes 


> Additive Rapid Prototyping 

> Liquid base — Stereo Lithography Apparatus (SLA) 
> Inkjet-based printing 

> Solid based: Fused Deposition Modeling (FDM) 

> Powder Base: Selective Laser Sintering (SLS) 


Additive Rapid Prototyping: The different types of additive RP technologies 
can be categorized into three types: liquid-based (SLA and Inkjet-based 
Printing), solid-based (FDM), and powder based (SLS). These are just a few 
examples of the different RP technologies in existence. Regardless of the 
different types of RP technologies, all of them require the 3D CAD model’s 
STL file for fabrication. These STL files are then used to generate to 2D slice 
layers for fabrication. 


Liquid base — Stereo Lithography Apparatus (SLA): SLA RP technology 
has three main parts: a vat filled with ultraviolet (UV) curable photopolymer, 
a perforated build tray, and a UV laser, (Figure 7.2). Figure 7.3 shows a 
production level SLA system by 3D SYSTEMS. The fabrication process 
starts with positioning the build tray a slice layer depth below the surface 
of the photopolymer. A slice layer is cured onto the build tray with the 
UV laser. The pattern of the slice layer is “painted” with the UV laser 
with the control of the scanner system [5]. Once the layer is cured, the 
tray lowers by a slice layer thickness allowing for uncured photopolymer 
to cover the previously cured slice. The next slice layer is then formed 
on top of the previous layer with the UV laser, bonding it to the previous 
layer. This process is repeated until the entire 3D object is fully formed. The 
finished 3D object is removed and washed with solvent to remove excess 
resin from the object. Finally, the object is placed in a UV oven for further 
curing. During the fabrication process, support scaffolding can be fabricated 
to support overhangs or undercuts of the 3D object. These can be cut off after 
fabrication [8]. 
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Liquid Polymer 
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Resin 


Figure 7.2 Stereo Lithography Apparatus (SLA). 


Source: http://www.additive3d.com 


1 


Figure 7.3. SYSTEMS SLA production RP printers. 


Source: http://www.3dsystems.com 


Inkjet-based Printing: This RP technology is similar to the SLA technology, 
both of which utilize UV curable photopolymer as the build material. Two 
types of UV curable photopolymer materials are used: a model that acts 
as the structure and support material acting as scaffolding to the object. 
The technology is based on inkjet systems as shown in Figure 7.4 where 
it has ‘ink’ cartridges and a print head. During fabrication, a thin layer 
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Object and Support 


Doctor Blade Seah 


Figure 7.5 Stratasys inkjet-based RP printer. 


Source: http://www.stratasys.com 


of photopolymer is jetted on to the build tray. The jetted photopolymer is 
cured by UV lamps mounted to the side of the print heads. Next, the tray 
lowers by precisely one layer’s thickness, allowing for the next slice to 
be jetted on to the previous slice [10]. This process repeats until the 3D 
object is formed. Once completed, the support material is removed with a 
high-pressure washer. A commercially available inkjet-based RP printer by 
Stratasys is shown in Figure 7.5. 

Solid based: Fused Deposition Modeling (FDM): FDM RP technologies 
use a thermoplastic filament, which is heated to its melting point and then 
extruded, layer by layer, to create a three-dimensional object, shown in 
Figure 7.6. Two kinds of materials are used: a model material which acts 
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Figure 7.6 Fused deposition modeling. 
Source: http://solidfill.com/en/Fused_Deposition_Modeling 


Figure 7.7 3D SYSTEMS FDM desktop RP printer. 


Source: http://www.3dsystems.com 


as the structure and a support material which acts as a scaffolding to support 
the object during the fabrication process During the fabrication process, the 
filaments are fed to an extrusion nozzle unwounded from a coil. This nozzle is 
heated to melt the filament which is then extruded on to a build tray forming 
a Slice of the 3D object as cools and hardens. Next, the build tray is lowered, 
or the extrusion nozzle is raised, by a thickness of an extruded layer, for the 
next slice layer to be extruded on top of the previous layer. As the extruded 
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thermoplastic cools, it also binds to the previous layer. This continues until all 
the slices are printed to finally form the full 3D object. After the fabrication 
process, the support build material is typically dissolved by water if the 
water-soluble wax was used or broken off if polyphenylsulfone was used. 
An affordable desktop version by 3DS YSTEM is shown in Figure 7.7. 


7.6 Control 


In engineering world, the term control may refer to as a set of algorithms 
which are tasked to perform a certain operation and generate feedback from 
the results of operation performed. The simplest example of control can be 
attributed to traffic signal control [11]. 

Modern engineering or tech giants are working on high end technolo- 
gies like drones, autonomous vehicles, artificial intelligence (AI)-based 
real-time management systems and CYBORGs i.e. biologically engineered 
systems [12]. The core of these systems can be called as core control which 
processes the information generated from the output of the function of 
the machines and stores it also analyses it. The AI based control systems 
interprets the output of an operation and compares is with set of desired 
parameters to update it or modifiy it to be better. 

Now the term control can be summed up as this loop of observing the 
action performed, sensing the output, computation of the results and modifi- 
cation in action to evolve to be better. A control logic is a complex network 
of codes designed to generate desired results and feedback and it is very 
important that the system dynamics of the loop are stable [13]. The system 
is tested or rather simulated in the presence of all plausible uncertainties 
using various simulation procedures like Monte Carlo simulation tests or 
simulations based on interchangeable variable of a system to trap the essential 
responses of the system. This helps is prediction of possible future failures or 
breakdowns resulting in loss of efficiency and productivity. A characteristic 
case of a recent type of control system is shown in Figure 7.8, the illustration 
clarifies the elementary components of sensing, computation and actuation. 
The computer system nowadays work on a digital platform requiring the con- 
version of analog information into digital form and vice-versa using specific 
equipment called as converters [14]. Control laws in form of algorithms are 
defined to operate the system and extract the desired outputs. An external 
operator is used to provide input commands to the system to influence or 
control the effective working of system. Control engineering is a blend of 
sciences e.g. Physics defines the laws of dynamics, Computer science defines 
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Figure 7.8 Components of a computer-controlled system. 


the codes or algorithms, operations research is used to optimize and check 
the probabilities in the system [15]. The use of modeling techniques in 
control helps in establishing high-end interconnection between the elements 
of the system which is crucial for large scale engineering structures [16]. 
The development of control systems has given a big boost to the computer 
science engineering and language-based programming software as most of 
the algorithms are designed it. Although the implementation of algorithm and 
designed code for the machine work very differently taking into consider- 
ation all possible alterations of the machine. Moreover, the control system 
also incorporates preventive measures to avoid the errors and breakdown 
possibilities. 


7.6.1 Feedback in Control System 


When a system is designed in such a way that the output generated by two 
or more dynamic entities of a system interdependent or correlated to each 
other such that the closed loop completing the cause and effect algorithm and 
outputs of the system are re-passed as inputs defining proper working of the 
system is called as feedback. A dynamic system is designed to intelligently 
change its behavior with respect to time corresponding to the external effects 
like change is physical quantities like temperature, force etc. Feedback can 
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System 1 


System 1 System 2 


(a) Closed Loop (b) Open Loop 


Figure 7.9 Open and closed loop systems. (a) The output of system 1 is used as the input of 
system 2 and the output of system 2 becomes the input of system 1, creating a “closed loop” 
system. (b) The interconnection between system 2 and system | is removed and the system is 
said to be “open loop”. 


also be seen as a looped argument in which the dynamics of subsystems 
affect each other in a to and fro manner thus, making a casual reasoning diffi- 
cult [17]. Henceforth, it is imperative the analyze the system as a whole rather 
than introspecting smaller parts of system. This counter-intuitive behaviour of 
systems has motivated the use of formal methods to comprehend the systems. 
Figure 7.9 exemplifies block diagram layout of the idea of feedback system. 
A generalized form of feedback system is categorized into open loop and 
closed loop system. A simple understanding of a closed loop system is that if 
the actions and reactions or inputs and outputs of the system are interlinked to 
form a cycle is referred to as closed loop (Figure 7.9(a)). On the contrary the 
open loop system does not complete the cycle of events or the interconnection 
is broken (Figure 7.9(b)). Biological systems [18] are excellent examples 
of feedback systems interconnecting even the tiniest elements of human 
anatomy. All the action commands generated by brain the fed back to the 
brain the form of results of actions. 


7.7 Automation 


With the dawn of globalization and neck to neck competition between indus- 
tries and global economies the demand of finished products manufacturing 
industries shifted from manual methods to automation tools. The automatic 
machinery not only completes the product but also has capability to finish it 
and pack it in desired numbers which has eliminated bottleneck human errors 
and reduced considerable amount of time. Moreover, automation has reduced 
errors to almost zero by performing precise operations without any lag. 
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7.7.1 Application of Automation in Industries 


The goal of every manufacturing unit is to make profit and it is possible if the 
input cost is minimized as compared to the market cost or selling price of the 
product. Many variables define input cost of the product in an industry e.g. 
cost of material, choice of manufacturing process, labor cost etc. Automation 
has minimized the labor cost and time delays. Automation has a huge impact 
on all the input parameters defining the input cost [19]. For instance, produc- 
tion time is greatly affected by machine breakdown or changeover time for 
tools or workpiece. If there is any change in the design or configuration of the 
product the whole production line suffers and causes delay. This causes the 
expensive machinery to stay idle and become unproductive [20]. Automatic 
CNC controlled machines have inbuilt changeover input adjustments with 
various tools changers and centers inbuilt. The design configuration of any 
configuration whether conventional or modified can be fed into the machine 
in the form of co-ordinates and the product can be finalized without any delay 
or break in the production process [21]. 


7.7.2 Type of Automation System 


Fixed Automation: The most widely used automation process in large scale 
industries developing similar kind of parts for example automobile units, 
paint shops, distillations plants [22] etc. employ fixed automation systems. 
The process of fixed automation involves fabrication of a defined design of 
product to be manufactured in a continuous pattern. The design input parame- 
ters are fed to the machine and these machines are dedicated in manufacturing 
high production volumes of the product. The machinery involved in this 
automation process is under repetitive process and hardly any change is made 
for a long duration of time. The system fails only when the product design 
has become obsolete. 


Programmable Automation: If an industry is involved in production of 
batches of various products programmable automation does the trick for 
them. For instance, a company having programmable automation unit has 
received an order of two kind of products involving machinery of same kind. 
programmable automation units work in a way that first the engineers can 
input the variables required for a product and finish the required amount 
of that product and then they can change the input parameters on the same 
machines to manufacture the different product. However, non-trivial pro- 
gramming effort may be needed to reprogram the machine or sequence of 
operations [23]. Apart from initial investment the programmable automation 
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unit provides good return to the company and some examples of industries 
employing this process are Steel Rolling Mills, Paper Mills etc. 


Flexible Automation: The evolution of programmable automation gave rise 
to flexible automation. The drawback with programmable automation is 
that the whole system of automation suffers if the changes are made in 
the computer code operating the machines. Flexible automation allows the 
engineer to give inputs to the products on any stage of the product fabrication 
such that the former process involved in the manufacturing process either 
automatically get adjusted or are unperturbed [24]. Flexible automation is 
known to reduce health and safety hazards along with reducing the fixed 
production costs. The product processes involved in the fabrication of the 
product are changes automatically and the product under fabrication is trans- 
ferred from one station to the other without any human intervention thereby 
eliminating the time delay [25]. Nowadays robots are considered as a huge 
part of flexible automation process and industries employing these systems 
have low or medium production output volumes. 


Integrated Automation: A fully automated plant involving minimal human 
intervention and comprising of interconnected, coordinated operations 
involving all machine operations and digital information processing. The 
integrated automation is like a network of small manufacturing units working 
from extraction of raw material to finishing the product and even packing 
it if required. The process scheduling is this automation system is very 
precise and all the machines under this process are controlled by a central 
computer system. Some advanced units are capable of analyzing the business 
models so that the rate of production can be estimated. Typical examples of 
such technologies are seen in Advanced Process Automation Systems and 
Computer Integrated Manufacturing (CIM). 


7.8 Conclusion 


Additive, subtractive and rapid prototyping is the technique designed for 
the manufacturing which can be used with to produce various types of 
products according to their complexity and requirement of the production 
procedure. Additive and subtractive both related to material addition and 
subtraction but rapid prototyping is related to printing with three-dimensional 
printers. Computerized control system is design according to requirement 
of feedback from the system. Automatic controlled system is designed with 
closed feedback loop. Fixed Automation used in high volume production with 
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dedicated equipment, which has a fixed set of operation and designed to be 
efficient for this set. Programmable Automation is used for a changeable 
sequence of operation and configuration of the machines using electronic 
controls. Flexible Manufacturing Systems is a computer controlled. Inte- 
grated Automation is automation of a manufacturing plant, with all processes 
functioning under computer control and under coordination through digital 
information processing. 
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Crop is a backbone of agriculture economy of any country. Soil and water 
are two key resources that directly or indirectly affect the crop production. 
The actual capacity of soil to retain the water makes that soil fertile which is 
necessary for ideal crop growth. To assess the effect of water and soil on the 
crop production, we have formulated the system of non-linear differential 
equations. The model is followed by its stability by finding equilibrium 
points; it gives the conditions which should be satisfied to maintain crop 
growth. The proposed model is validated through numerical simulation. The 
important economical results are deduced. 


8.1 Introduction 
8.1.1 Dynamical System 


Mathematical modeling plays a significant role in controlling disease spread. 
One can observe the dynamic behavior of original data given in the model 
to see the perspective results. Of all mathematical modeling, the model using 
compartments is very useful technique. In this technique, the population is 
divided into compartments. There are many models like SIR, SIS, SEIR, 
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SEIS, etc. The SIR model is one of the simplest compartmental model and 
many models are derivations of this basic form. They mainly deal with 
epidemiology. In population science, the analysis of the distribution and 
determinants for health and diseases is known as epidemiology. One of the 
simplest models SIR consists of susceptible (S), infected (I) and removed 
(R) compartments. Individual remains infected for some time, though not 
infectious. This term is defined as exposed (E). This extension of model 
is SEIR model. These models are usually examined through the system of 
ordinary differential equations. In concluding results about stability of system 
means that disease spread whether it is decreased or completely dies out. 
The model depends on threshold value; known as basic reproduction number 
usually denoted by Ro. If Ro < 1 then the disease-free equilibrium will be 
locally asymptotically stable while when, Ry > 1 then the system is unstable 
states that the infection will spread in a population. The global stability about 
the equilibrium point of the model is worked out using Lyapunov function. 
There are several ways to find Lyapunov functions. First decide the form 
of Lyapunov function (e.g., quadratic), then it is parameterized by some 
parameters so that the required hypotheses hold. To predict the future results, 
numerical simulation is done using MATLAB. 


8.1.2 Dynamics of Crop using Fertile Soil 


Farming is one of the oldest businesses in the world and often presented as 
a pleasant way of life. The country produces numerous crops by farming, 
in area of pharmaceutics as well as cereal crops. These crops are used for 
various purposes for human need like for food, in industries, for animal feed 
etc. Farming needs land to farm. There are different types of land, either it 
may be fertile soil or infertile soil. Infertile soil uses for industrialism, while 
fertile can be used for farming. When fertile soil is crushed in the hand, it can 
be seen that it is composed of all kinds of particles of different sizes. There 
are few types of particles namely mineral, organic, etc. Mineral particles 
are those particles which are emerge from the degradation of rocks; where 
organic particles are residues of crops or animals. The soil particles seem to 
touch each other, but in reality, they have spaces in between. These spaces 
are called pores. When the soil is dry, the pores are mainly filled with air. But 
crops need air and water in the soil. For that, rain is necessary. After irrigation 
or rainfall, the pores are mainly filled with water. If no additional water is 
supplied to the soil, it gradually dries out. For farming, soil quality plays 
a significant role in crop productivity since soil nutrients and soil physical 
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properties can directly impact yields. Some living material is also found in 
the soil like beetles, worms, larvae, etc. They help to aerate the soil and thus 
create favorable growing conditions for the crop. 

Thimme et al. (2013) defined crop as “Aggregation of individual plant 
species grown in a unit area for economic purpose” in his crop growth model. 
Fleming et al. (2012) studied on deterministic and stochastic optimal control. 
The mathematical theory of optimal process is formulated by Pontriag in 
et al. (1986). Shah et al. (2017) published papers on optimal control on 
depletion of green belt due to industries and optimum control for spread of 
pollutants through forest resources. Greaves and Wang (2016) used statistical 
way to assess the AquaCrop model for simulating Maize growth in a tropical 
environment. Using multi-objective fuzzy—robust programming (MOFRP), 
Qian et al. (2017) has developed model for optimal use of agricultural water 
and land resources under socio-economic and ecological objectives. Kumar 
and Chaturvedi (2009) illustrated crop modeling as a tool for agricultural 
research. For simulating efficiently water-limited crop production, Foster 
et al. (2017) gave open-source version of the FAO aqua crop model. Brouwer 
et al. (1985) gave theory on importance of soil and water. Delécolle et al. 
(1992) used remote sensing as a tool for estimating crop production on a 
regional scale. Recently, Rendezvous (2018) explored survey for importance 
of crop production in India. Diekmann et al. (1990) computed the basic 
reproduction ratio Ro for infectious disease in heterogeneous population. For 
stability was discussed using Lyapunov function. Hale (1980) and Lasalle 
(1976) discussed the general theory of Lyapunov function. 

In Section 2, we illustrate a mathematical model. It is a schematic 
representation of a set of nonlinear differential equations, which represents 
behavior of a system. The transmission diagram will indicate the process. For 
growth of crop, we consider the state variables in the proposed model. The 
threshold value is calculated to study the system. In Section 3, the stability 
analysis is considered. By deriving its numerical simulation in Section 4, 
observations are listed in Section 5. Through the model, one can predict the 
changes in crop status with respect to time. 


8.2 Mathematical Modeling 


In this paper, the model consists of water volume (W) dissolve with enough 
density of soil (S) which converts into fertile soil (F's) and then results into 
crop production (C’). Also, here we have considered that crop watered directly 
with some rate. 
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Table 8.1 Notations and parametric values 


Notation Parametric Values 
B The growth rate of water volume 0.40 
B The rate at which soil absorbs water 0.30 
6 The increase rate of fertile soil 0.80 
E The rate at which crop yield increases due to fertile soil 0.80 
n The rate at which crop yield increases due to water 0.60 
Lb Wastage rate of variable from respective compartment 0.55 


The notations and parametric values used in dynamical system of the 
model are given in the following Table 8.1. 

With the help of above model parameters, the mathematical model is 
formulated with the help of the transmission diagram shown in Figure 8.1. 

The system of non-linear differential equations for the model is as given 
below: 


a = B-—-BWS—nWC — ubW 
© = WS ~68— us (8.1) 
dF, 
= _ Fy — Fs 
a 6S —eé Lb 
« = nWC +eF, — wC[—2ea] 


where W+ 5+ Ff, +C=N. Also, W > 0;5,F;,C > 0 
Adding the above differential equations of system (8.1), we have 
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which implies that lim sup(W +5 +F,+C) < 2. 
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Figure 8.1 Transmission diagram of model. 
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Therefore, the feasible region of the model is 
4 B 
A=(4(W,S,F,,C)ER*:W+S5+F,4+C0<—>. 
Lb 


Now, the equilibrium point of the transmission of model is 
Eo = (2,0,0,0). 

Now, we calculate the threshold called basic reproduction number Ro 
using next generation matrix method. 

Let 

/ / / dX 
X’=(W,S)F,; Cy and Xs = iE = F(xXx)-—V(X). 

where F'(X ) = is for the rate of appearance of new individual in component 
and V(X) = is for the rate of transfer of culture which is given by 


BWSs 59 + pS 
_ | 2we z <P 
oS i Mr a cc Ace ES tee ae 

0 —d0S +eF, + wks 


Now, DF (Xo) = | : : | and DV (Xo) = | ;. : | 


where f and v are 4 x 4 matrices defined as 


OF; (Xo) OV; (Xo) 
Ae peel die te ee 
f | an ame Be 2 
Finding f and v, we get 
BW 0 BS 0 S+p 0 0 0 
= 0 nW fC O - 0 Lb 0 —€ 
PE Gn gre rill Cee a. Bi Aa BSG 0 
Oo Oe OF 0 -6 0 0 ety 


Here, v is non-singular matrix. 
Therefore, the expression of basic reproduction number Ro is as below: 


BBule + w) + Bed 
u?(d+ p)(e + 1) 


(8.2) 


Ro = Spectral radius of matrix fu-! = 


184 SEIR — Application for Crop Through Water and Soil Texture 


8.3 Stability Analysis 


In this section, local and global stability of the equilibrium points are 
discussed. We have event free equilibrium and endemic equilibrium points. 


8.3.1 Local Stability 
First, we calculate the local stability behavior of equilibrium 
Eo = (4, 0, 0, 0) by using Jacobian matrix Jo. The Jacobian matrix of the 


model is as given below: 


@ 22a gay 0 0 
Jo = 
0 0) —E-—p 0 
B 
0 0 E ah — yp 
Above Jacobian Jo has eigenvalues, 
Aq =—p 
d2 Sei fh 
_ —?+Bn 
A3 = 7 


Ms = —(u? + bu — BB) 
If all eigenvalues of Jacobian matrix are negative, then equilibrium point of 


system is stable. Here, third eigenvalue is positive as all values of parameters 
are positive. So, we derive one condition as below. 


—?+Bn<0 


for the equilibrium point to be stable. 
Next, we determine the local stability behavior of equilibrium E* = 
(W*, S*, Fg, C*) by using the Jacobian matrix J with 


= OE 
Wt = eae 
gx — (BB = wd + w))(n(6 + #) ~ Bue +H) 
uB((O + p)(ne— Be — But nd + np) ” 
Fs = (BB — wd + w))(n(6 + #) — Bu) . 
uB((d + u)(ne — Be — Bu +d + nH) 
Ot = de(—BB + w(d + 1) 
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The Jacobian matrix of the model is given by: 


—BS* — nC* — pw —BW* 0 —nW* 
yin BS* BW* -—db-4p 0 0 
7 0 ) —E—U 0 
nC* 0 € nw* — pw 


The corresponding characteristic equation of Jacobian matrix is, 


eae hae aah har =0 
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ag = (—nW* + p)(e6d + 2eu + 26 + EBS* + 2u8S* + BS*6 + 3p”) 
+(—BW* + 5 + p)(enC* + pe + 2unC* + pw?) — By? 
(—2W* + S*) + peB(—W* + S*) + qW*eB + 2nW Bu 
+penC* + uBS*6 + eBS*6 + p2nC* 

aq = (—nW* + p)(euBS* + wdBS* + ep? + p25 + edu t p?BS* + p23 
+(—BW* + 6 + p)(eunC* + p?nC*) + enB(—pW* + 5S") 
—w?BW* + W178 + nW eB 


The equilibrium point is locally asymptotically stable, if following conditions 
hold: 


(a) —nW*+ p> 0 
(b) —-BW*+6+p>0 
(c) S* > W* 
A last condition tells that, density of soil should be more than that of 
water. 


8.3.2 Global Stability 


Here we discuss the global stability behavior of the equilibrium Ey and E* 
by Lyapunov function. First, we study the behavior of the global stability of 
Eo. 
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Consider the Lyapunov function 


L(t) = S(t) + F(t) + C(t) 
it = S@H@+FO+C 
= BWS+WC — pS — pf, — uC 


= (ns (tos)onne 
LL LL 


L(t) < Oif 38 — p< Oand 2 -—p<0 


If BB < p? and By < p? then Ep is globally stable. 
Next, we study the behavior of the global stability of E*. 
Consider the Lyapunov function, 


L(t) = 5 ((W—W*)+(S-S*)+(F,- FA) +(C-0)? 
Dt) = [((W —W"*)+ (S— 8*)+ (7 - FR) + (C-C) 
(W'+S'+Fl+C’) 
= |(W-W*) +(S—S*) + ( 
(B—p(W+5+F,+0)) 
( 


fF) riO =O") 


F. 
= [((W —W*)+(S—S*)+(F, — F%) +(C—C*) 
(—n ((W —W*) + (S — S*) + (F, — FS) + (C -C*))) 
= —p((W -W*)+(S-S*)+(F,- F2)+(C-C*)P <0 


Here, we denote B = w(W* + S* + FF + C*) 
Therefore, E* is globally stable. 


Theorem: E” is globally stable. 


8.4 Numerical Simulation 


In this section using the values given in Table 8.1, numerical simulation will 
be done. 

Figure 8.2 shows the effect of each compartment. It can be observed that 
soil needs water in 0.05 years so that after 0.45 years it becomes fertile soil 
which results 15.55% growth in crop production. Also see that after one year 
amount of water should be increased, then and only then growth of crop will 
be increased. Otherwise less amount of water may be harmful to density of 
fertile soil or crop may fail. 
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Figure 8.2. Effect on all compartments. 
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Figure 8.3. Density of soil for different value of 2. 


From Figure 8.3, one can analyze the effect of the rate at which soil 
absorbs water. As the value of ( is increased from 0.30 to 0.50 the density of 
soil also increased by 10.5%. It is advised to maintain water level, as both are 
important actor for crop yield. 

The effect of increase rate of fertile soil can be studied from Figure 8.4. 
One can observe that density of fertile soil decreases gradually with the rate 
of 6. The density of soil and the water volume should be in control to maintain 
the density of fertile soil. From Figure 8.5, we can conclude the rate at which 
crop increases due to fertile soil also affected positively on crop. Increasing 
the value of ¢ also increases the growth of crop, is increased by 3.09%. 
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Figure 8.4 Density of fertile soil for different value of 6. 
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Figure 8.5 Effect on crop for different value of ¢. 


Figure 8.6 gives the effect of rate at which crop increases due to water. 
As we increase the value of 77, the growth rate of crop will also increase. The 
value of 7) increased from 0.60 to 0.80 gives increment in growth of crop by 
4.7%. It shows the positive effect on crop, but after half of year as we show 
previous conclusion that amount of water which provided directly to crop 
should be increased. 

Figure 8.7 represents the pie chart of simulating model. Shortage of water 
is worldwide issue which can be noticed here that it is less consumed as 3% 


8.5 Conclusion 189 


Crop production 


05 1 15 2 25 3 
Time in years 


Figure 8.6 Effect of 7 on crop. 
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Figure 8.7 Percentage of crop yield by water and soil. 


only. 14% soil absorbs water which results into 17% of fertile soil. This fertile 
soil will help to increase the growth of crop production by 66%. 


8.5 Conclusion 


In this chapter, an application of SEJR model is studied for the crop through 
water and soil texture. Study reflects the behavior of the crop yield that occurs 
when crop comes in the contact of other model parameters. Mathematical 
model is developed using non-linear differential equations which have written 
to describe a process for crop production under certain combinations of 
circumstances. The system gives equilibrium points, from which stability is 
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carried out. The stability of model gives conditions from which it is observe 
that density of soil should be more than the amount of water. Numerical 
simulation of the model states that through density of soil should be more; 
water should be increased to maintain density of fertile soil. It also advised 
that large amount of water is harmful for fertile soil consequently for the crop 
yield. Therefore, better water management and density of soil texture will 
give us huge amount of crop produce. 

Using the value of parameters given in Table 8.1, the basic reproduction 
number is calculated as 0.4402 which indicates that 44.02% crop is grown 
when water level is maintained. 
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This chapter is an attempt to summarize and understand the developments 
of radial basis function in terms of application to other legacy numerical 
methods. Most of the development of this method lies in the choice of shape 
parameter and the type of basis function involved in the implementation 
of that method. In this chapter, the methodology for Kansa method and 
symmetric collocation method using radial basis function is explained in 
brief along with the detail discussion of radial basis function pseudospectral 
method (RBF-PS) approach. Implementation of the method is presented to 
solve Chaffee-Infante (CI) equation with numerical examples. The obtained 
results are depicted in form of tables and figures. 


9.1 Introduction 


With the advancement of technology, it has become possible to depict a 
relationship between two or more than two entities involved in the various 
phenomenon of science by the application of mathematical modelling. The 
process of mathematical modelling can be used to express any phenomenon 
in term of differential equations which can be either an ordinary or a partial 
differential equation. Much of the work reported so far during the last decades 
has been done to find the solution for these obtained equations. However, until 
now no unique analytical technique could be established. However, numerical 
methods can serve as an effective tool in solving complex differential equa- 
tions due to ease of implementation in comparison to analytical approaches. 
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Many of the techniques or schemes that have proved their efficiency in 
handling the ordinary differential equation (ODE) include but not limited 
to Picard’s method, Taylor’s series method, and R.K. method. Similarly, 
various well-known methods such as finite difference method, finite element 
method, differential quadrature method, variation iteration method, adomian 
decomposition method, etc. are developed in recent years to solve partial 
differential equations (PDE). Although, these developed methods are able to 
find the solution of the various equations but are still affected by factors such 
as slow rate of convergence, sensitivity to the initial approximations or high 
computational cost. 

Numerical methods based on radial basis function approach are well- 
known, as they are easy to implement with uniform or non-uniform mesh 
in a programmable approach and provides accurate solutions. Thus, in the 
present scenario, numerical methods using radial basis functions remain a 
favourite topic of researchers to find the solution of PDEs. Though a lot of 
work is being done to find solutions to some of the recognized PDEs such as 
Fisher’s equation, Burgers’ equation, etc. but the research still remains in its 
initial stage providing researchers both opportunity and challenge to develop 
an algorithm to estimate parameters related to radial basis functions. 


9.2 Requirement of Mesh-free Methods 


Many areas of science and engineering require data in a high dimensional 
form. To deal with such type of requirements, classical numerical methods 
with uniform discretization process are not suitable; this leads to the develop- 
ment of mesh free techniques. These mesh-free methods were developed to 
deal with the flexible geometry of problems in the area of interest. These 
methods are also very efficient in terms of computational cost due to the 
association of independent points as grid or node points for the computational 
work. 

Initially, the mesh-free approximation methods have been applied by 
the researchers in the area related to metrology, geophysics and geodetics. 
Later on, these methods of approximation have been applied in various 
other emerging areas of research. Some of the application areas where mesh 
free methods play an important role include scattered data modelling [1], 
the solution of partial differential equations in higher dimensions [2], in 
mathematical finance [3], in computer graphics [4], in optimization [5] and 
also in neural networks [6]. 
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Furthermore, mesh-free methods are known as new generation numerical 
tools. This name itself implies their capability to handle multiple parameters 
involved in the application problem in contrast to the classical numerical 
methods which can handle problems only in two or three dimensions 
(parameters). 


9.3 Radial Basis Function 


The Gaussian function is a well-known function that occurs in many of the 
branches of mathematics given by: 


or) = e@ reER. 


Here, ¢€ is a parameter that controls the shape of the generated curve called 
as shape parameter and r represents the distance of node points either from 
the origin or from the center points. 


Definition: 


Radial basis function (RBF) can be defined as a function which is univariate, 
real-valued and continuous. Value of an RBF depends upon the distance of 
node points from the origin [7]. Mathematically, a function y: R” > Risa 
radial basis function if it satisfies the following: 


x() = ¢(r), r=l|le/eR 


Here, ||e|| represents the Euclidean norm, which is a measure of length for a 
Vector”. In other words, it is the distance of a node from the origin or from 
some other node points, called as a center. Thus r can also be written as: 
r = ||x — xz|| for some node point xx. 


9.4 Properties of Radial Basis Functions 


1. Invariance under transformations such as translation, rotation, and 
reflection. 

2. Independence of the complexity involves in approximating multivariate 
function. 

3. Flexibility with the geometry of the problem. 

. Has a high rate of convergence. 

5. Has compact support which results in sparse interpolation matrix. 


a 
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9.5 Developments in Radial Basis Functions 


Definition of radial basis functions was given by Hardy [13] in the context 
of its application to topology in form of a multi-quadric function which is 
a globally supported interpolant. This method has been verified by many 
researchers for parameters such as accuracy, CPU time and memory require- 
ment. In 1982, Franke [14] in his work presented the superiority of these 
functions to solve interpolation problem of scattered data. This function was 
further used by Kansa [15-17] in early 90s to solve a partial differential 
equation. Till then this method has gone through various stages of develop- 
ment but become famous as Kansa method. Despite of its various advantages 
over other techniques, this method is affected from the ill-conditioning of 
the generated matrix for a large number of nodes. This problem of ill- 
conditioning was further taken care by Fasshauer [18] by proposing the 
concept of symmetric RBF collocation approach. Furthermore advancement 
has been done by various researchers to deal with the problem related to 
the ill-conditioned matrix using preconditioning of matrix, domain decom- 
position method, a local approach based on RBF etc. All this lead to the 
generation of multiple forms of RBF [7], thus development of Gaussian 
function (GS), linear radial function (LR), multi-quadric (MQ), and inverse 
multi-quadric (IMQ). Following is a table with discussed formulae of some 
important radial basis functions: 


Name of the RBF Formula, ¢(r) = 
Gaussian Function (GS) e~ (er)? 
Linear radial function (LR) r 
Multi-quadric (MQ) 1+ (er)? 
Inverse quadric (IQ) Her? 

. . 1 
Inverse Multi-quadric (MQ) Taney 


9.6 Shape Parameters 


In the above-mentioned approaches, there exists a parameter ¢, called as 
shape parameter that plays an important role in RBF. A small change in the 
value of shape parameter can bring a major change in terms of accuracy. From 
last several years, researchers have proposed different approaches to find this 
shape parameter. Some of them are as follows: 
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(a) Hardy shape parameter: According to Hardy [13], the shape parameter 
can be calculated as the reciprocal of another parameter c which is 0.815 
times the average distance (d) between nodes. If N is the total number 
of center nodes, then the average distance can be calculated as: d = 
x pe d;,. Thus shape parameter is given by 


1 
c= —_, c=0.185d 
Cc 


(b) Franke shape parameter: Franke [14] also considered shape parameter 
value as reciprocal of parameter c where parameter c depends on the 
diameter D of the smallest circle enclosing all data points. Thus, shape 
parameter is defined as: 


1 th 0.125D 
e=-, with c= 
Cc VN 


(c) Exponentially varying shape parameter: This approach has been 
proposed by Kansa [15-16]. According to Kansa, the value of shape 
parameter depends upon the maximum and minimum values of shape 
parameter given by: 


1 3 

min — JN and Emax — JN 

(d) Fasshauer’s variable shape parameter strategy: Fasshauer [18-19] 
proposed that the value of shape parameter must not be unique for the 
whole domain but can vary corresponding to each center. This result in 
different values of shape parameter for each column of RBF coefficient 
matrix. According to him, shape parameter can be written in the form 
given by: 


E 


eae 


(e) Rippa’s optimal approach: Rippa [20] proposed an algorithm based on 
the optimization approach, also known as leave-one-out cross validation 
(LOOCV). According to him, the value of shape parameter can be 
calculated by minimizing the value of cost function taken as a function 
of RMS error calculated between numerical and exact solution. The 
value of shape parameter is given by the relation 

ei(e) = = 


= al 
Aj; 
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Here, A,, | is the diagonal element of the inverse of the coefficient matrix 
and uj; is a component of vector wu. 

(f) Random variable shape parameter: As proposed by Sarra and Sturgill 
[21], the value of shape parameter can be calculated based upon the 
maximum and minimum values of shape parameter given by: 


Ej = Emin + Cae i Emin )rand(1, N) 


Here rand( ), is a MATLAB function to generate uniformly distributed 
random numbers on unit interval. 

(g) Gherlone’s approach: Gherlone [22] developed an algorithm to cal- 
culate optimal shape parameter based on convergence analysis. The 
optimization is based on the rate of convergence, for the solution 
obtained with Nz4, and Nz nodes. The algorithm is to minimize the 
rate of convergence for given choice of shape parameter, given by: 


_ |WNj+1, Cr) — WNG, Cx) 
Nj+1 — Nj 


where, u(N;) denoted the solution estimate with N; nodes and a value 
cr, of shape parameter. 

(h) Trigonometric variable shape parameter: This approach has been 
proposed Xiang et al. [23]. They proposed, that the value of shape 
parameter depend upon its maximum and minimum values and gave a 
formula similar to random variable shape parameter [9] corresponding 
to each column using values of sin given by: 


Ej = Emin + (eine = Emin) 8in(J), j= 1to A 


(i) Global and Local Optimization using Direct Search (GLODS): 
Roque [24] in 2017 proposed the application of an optimization 
technique known as Global and Local Optimization using Direct Search 
(GLODS) in optimizing shape parameter of the multiquadric function. 
He discussed the results obtained using this algorithm in application of 
Radial Basis Function-Finite Difference (RBF-FD). 


9.7 RBF Interpolation 


Interpolation is a well-known method used in various fields for predicting 
the value of a function at some points of a data set when the value of the 
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function is known for some given points in the same data set. There are 
several numerical methods for the interpolation of data such as Hermite 
interpolation, Spline interpolation, etc. But when the data is not uniformly 
distributed, RBF interpolation is the most preferred choice. 

Let us consider a problem of finding a function p(x) for the given set of 
data points (2, y,) with k = 1to N, zp € R”, yp € R. We have considered 
the points x, € R” to get freedom in choice of the dimension of domain 
points. If n = 1, data represents a series of values measured over a period 
of time. If n = 2, data corresponds to two values of a coordinate plane and 
for n = 3, data points imply the view of three-dimension coordinates. As 
an example, one can consider the measurement of velocity gain by a rocket 
after launch in an interval of seconds representing data in one-dimension. 
For a two-dimension, one can consider the hike in temperature measured 
during summer at different parts of our country. The position of a space 
shuttle in space recorded over the different time interval is an example of 
three dimensional data. 

For interpolation with uniform data values, the domain can be discretized 
using a common space step, but to deal with the randomly scattered data 
values, Halton points are considered which are the uniformly distributed 
random points in interval [0, 1]. 

For the problem in one-dimension, if the data points are uniformly 
distributed, then splines are the best alternative as they have been developed to 
deal with the complexity involved in the interpolation process of formulating 
a polynomial with an increase in the number of data points. They are the 
piecewise polynomial that is nonzero for a given interval that otherwise has 
the value zero at other points of the domain. After spline, the best alternative 
to deal with the scattered data points is radial basis function. Let us discuss 
the process with an example: 

To obtain an approximate interpolation function, consider a function of 
form 


p(x) = Send (lle — eal), 2 ER” 
k=1. 


Let the value of the function, known at some given points is given by f(x). On 
expanding the function, leads to a system of linear equation with coefficient 
matrix A, with elements ¢ (||xj; — x,||), with cj, as unknown and the column 
vector y;,, for k = 1 to N, given by: 
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¢ (||e1 — x1 I) $ (||v1 — wall) wos $(\|v1 — enIl) c1 f (1) 

¢ (\le2 — 111) ¢ (\|v2 — val) ne ¢ (\|z2 — xyI) c2 f (#2) 
d(len—a— ell) (\lev-1—aoll) 6 (Iaev-1 —enll)| | ena f(wn-1) 

¢ (len — x1|I) ¢ (len — x2l) wee ¢ (len — xyl) CN f(xn) 


For solution of the system to exist, the coefficient matrix must be singular 
[7]. Hence the unknown can be calculated as solution to the system given by 
A~'f. That can be used to find the value at some other node points. 

Following is the algorithm to interpolate data at given points using the 
Gaussian RBF: 


1. Choose an RBF function for the interpolation process. 
Let us choose Gaussian radial basis function given by e~ (er)? 

2. Define the test function, a function whose value is known at some given 
points, named as centers. 
Let us take 0.757 ((9x-2)" +(9y-2)")/4 as a test function, which is a 
part of famous Franke’s function usually taken for scattered data 
interpolation. 

3. For calculating the coefficient matrix, we need the data points as grid 
with norm of radial function as element. 

4. Calculate the right hand side column value by using the value of function 
at the known points. 

5. Find the unknown from the matrix inversion and multiply the 
coefficients with points at which interpolation value is required. 

6. To verify the applicability of the procedure calculate the value of 
function directly by substitution of node points and then compare it with 
the product of unknowns to get the error involved. 


9.8 Solution of Differential Equation 


There are lot of approaches that are developed to find solution of differential 
equations using radial basis functions. Some of the approaches are briefly 
discussed below with description of RBF-PS method. 


9.8.1 Kansa Method 


To implement the Kansa method for the solution of a differential equation, 
whole domain is firstly discretized into a number of points. The points on the 
boundary are called as boundary points. The solution of differential equation 
can be written as a linear combination of RBFs at the predefined points called 
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as nodes, thus given by: 


N 
u(ze) = Sr oxy (le — all) 
k=1 


Here N is the number of node points in the domain and a’,.s are the unknown 
coefficient to be obtained. 

This method has been used to solve various well-known differential 
equations such as heat equation, electrostatic equation, shallow water equa- 
tion and fractional diffusion equation. As discussed above, this method 
suffers from the problem of an ill-conditioned matrix that leads to more 
computational cost as the number of nodes is increased. 


9.8.2 Symmetric Collocation Method 


To overcome the problems of Kansa approach, a symmetric collocation 
method based on hermite interpolation concept was proposed by Fasshauer. 
He proposed the concepts of centers. Centers are those interior points from 
which the distance of all other nodes is calculated to approximate the 
function. In this approach, the solution is approximated as a sum of the linear 
combination of two functions. 

This leads to the generation of a symmetric matrix. This approach has 
been proved better by researchers as compared to Kansa method in terms 
of computational cost. Many of the problems related to the differential 
equation have been solved using different RBF approaches that includes 2D 
elastostatic problem and time-dependent PDEs [8, 10, 11]. 


9.8.3 RBF-pseudospectral Approach 


In this section we are going to discuss the radial basis function based 
pseudospectral (RBF-PS) approach to find numerical solution of Chaffee- 
Infante (CI) equation [25], a form of reaction-diffusion equation given 
by: 

Ut = Use + yu(1 — u?) (9.1) 


Here, y is a non-negative arbitrary constant which maintain the corre- 
sponding balance of the diffusion term wz, and the non-linear term in the 
equation. When y = 1, this equation reduces to the well-known Newell- 
Whitehead equation, which exists to study the influence of the diffusion 
term with the involved nonlinear reaction term. It can also be considered 
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as a general case of Allen-Cahn equation which is given by: up = NUxx + 
u(1 — u?) that can be deduced by substituting value of 1 parameter as 
one. This equation exists in the modelling of phenomenon related to mod- 
elling of quantum and plasma physics, mathematical biology and image 
processing. 

The CI equation is to be solved with required initial and boundary 
conditions given by: 


u(x,0) = v(x), x € [a,b] (9.2) 
ulast)=—ulb,t)= 6 (9.3) 


The boundary condition given by ( is a small parameter which plays an 
important role in design and analysis of the solution. The CI equation 
models a dissipative dynamical system with fixed number of node points. 
As discussed by Davis [26], CI equation is very sensitive to change in 
the boundary condition. Author in his work discussed the sensitivity of the 
solution near zero, with effect on convergence of the solution. 

RBF-PS method was proposed by Fasshauer [27] in his work reported to 
optimize the shape parameter in RBF approximation. The advantage of using 
RBF-PS as compared to other approaches hybrid with RBF includes that 
the approximate solution depends upon only some selected grid points. This 
approach of RBF has recently been used by researches to solve various differ- 
ential equations. This method provides solution to the equation with optimum 
accuracy with combination of different forms of radial basis functions. To 
implement the method, discretize the domain into numbers of domain points 
also known as nodes. The approach for the discretization could be uniform or 
non-uniform. For the simplicity we are using the uniform distinct scattered 
nodes x, with k = 1toN. 

The approximation function can be defined as: 


N 
u(x,t) = > 7 ag(t)y (lle — xxl) (9.4) 
k=1 


Here y are radial basis functions and a,(t) are the unknown interpolation 
coefficients. The type of RBF can be chosen as per problem. Here we have 
used the cubic Matérn radial basis function which is a positive definite given 
by: 

y(r) = 15 + l5er + 6(er)? + (er)2e-*". 
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Equation (9.4) can be written in form of a matrix system given by: 
u= Aa (9.5) 


where, A is a matrix with elements given by y (||; — xx||) and a’s are the 
coefficients to be determined by using Equation (9.4) as 


a=Atu (9.6) 


If the unknown coefficients are calculated, then to calculate the derivatives 
one can use Equations (9.5) and (9.6) to obtain the values of first deriva- 
tive with respect to space. The same process can be followed to calculate 
the higher order derivatives. For instance, the first order derivative can be 
calculated as follows: 

On differentiating Equation (9.5) and substituting value of a from 
Equation (9.6), we get uz = A,A~‘u that can be written in simplified form 
as: 

uz = D,u with D, = A,A7! 


To find the numerical solution of Chaffee—Infante equation, substituting the 
value of derivatives on the right hand side results in an ordinary differential 
equation that can be solved by any ODE solver numerical technique. 

Choice of shape parameter: As discussed in Section 9.6, there are 
various strategies adopted by the researchers to finalize the process to 
obtain the required shape parameter. Here, in this work we have used 
Rippa’s approach [20], which uses the on leave-one out cross validation 
(LOOCV) modified by Fasshauer and Zhang [27]. This approach is 
based on obtaining the value of shape parameter to minimize the 
error. 


Example: In order to validate the discussed approach let us consider an 
example of CI equation u; = Uge + yu(1 — u?) for y = 1, with given 
initial condition as: 


u(x,0) = —0.5 + 0.5 tanh(0.3536z), x € [0,1] 
and boundary conditions taken from the exact solution given by: 
u(x, 0) = —0.5 + 0.5 tanh(0.3536a — 0.75t) 


Solution of the equation is calculated at different time levels. The obtained 
numerical results are depicted in terms of errors by calculating the Dz and Dog 
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Table 9.1 Calculated errors of the example at different time-levels 


Error/t 0.002 0.004 0.006 0.008 0.01 

RMS_Error 8.1911le-09 3.1707e-08 =1.0473e-07 4.0276e-07 = 1.6425e-06 
DL Error 3.7536e-08 1.4530e-07 4.7996e-07 =1.8457e-06 7.5267e-06 
ooo Error 3.5057e-08  8.7536e-08  1.0221le-06 5.6102e-06  2.5273e-05 


Table 9.2 Point wise absolute error calculated for the obtained solutions at different 
time-levels 


0.001 0.005 0.009 
a/t  RBF-PS  Zahra[28]  RBF-PS  Zahra[28] RBF-PS Zahra [28] 
0.1 1.7793E-08  2.448E-04__1.5837E-07 9.687E-04  3.0079E-06 _1.492E-03 
0.2 1.3153E-08 2.000E-04 9.9767E-08 1.016E-03 1.4144E-06 _1.761E-03 
0.3 6.6050E-09 1.797E-04 3.3688E-08 9.082E-04 7.1240E-07 1.644E-03 
0.4 7.6775E-09 1.594E-04 _7.3061E-09 8.052E-04  4.7119E-07 _1.465E-03 
0.5  8.4637E-09 1.410E-04 8.6622E-08 7.124E-04 9.1947E-07 _1.296E-03 
0.6  3.1393E-09 1.242E-04 3.5827E-08 6.280E-04 1.0274E-06 1.143E-03 
0.7 1.2327E-08 1.091E-04 1.6265E-07 5.520E-04 2.2176E-06 _1.003E-03 
0.8  2.9332E-09 9.502E-05 1.0553E-07  4.824E-04 2.5065E-06 8.536E-04 
0.9  1.1117E-08 8.886E-05 1.5327E-07 3.725E-04  1.4464E-06 6.009E-04 


solution 


Figure 9.1 Solution of the example obtained at different time-levels. 


errors that are enlisted in the form of tabulated results in Table 9.1. The point 
wise errors are presented in Table 9.2 that also demonstrates the comparison 
of errors obtained as compared to errors reported in the literature. The 
physical interpretation of the obtained at the different time-levels is exhibited 
in the form of Figure 9.1. The value of the shape parameter calculated as per 
discussion for the calculation of the numerical results is 0.134249. 
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9.9 Summary 


This chapter is an effort to briefly describe the importance of mesh-free 
techniques using radial basis function approach in solving various complex 
phenomenon with discussion on the differential equation. It discussed the 
various issues why numerical methods are more reliable and ease to use as 
compared to analytical methods. 

The radial basis functions are discussed in details along with their 
properties with emphasis on the development held till now in this field. RBF 
interpolation is also discussed with discussion on the solution strategies such 
as Kansa approach, symmetric collocation approach with in-depth study of 
RBF-pseudospectral approach which is implemented to solve an example of 
the well-known Chaffee-Infante (CI) equation. 

In the implementation of RBF-PS method leave-one out cross validation 
(LOOCV) approach is used with modification related to the minimization of 
cost function to obtain the value of shape parameter. The numerical example 
is solved to calculate solution at various time-levels. 
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In this chapter, we applied Rayleigh-Ritz method to study the time period 
of a non-homogeneous square plate with linear variation in thickness 
and temperature, on clamped edge condition. For consideration of non- 
homogeneity, we considered circular variation in density and Poisson’s ratio 
in one dimension. The time period is computed for various values of tapering 
constant, non-homogeneity constants and thermal gradient. All the results are 
presented with the help of tables. A comparison of frequency modes with the 
published results from open literature is also given. 


10.1 Introduction 


Vibration is the mechanical oscillation of particles (body) from its position of 
equilibrium or we can say that vibration is the study of the relation between 
the motions of bodies to the forces acting on them. Generally, in nature, 
we can say that everything vibrates. We can classify it as weak vibration 
and strong or disastrous vibration (e.g. tsunamis, earthquake, tornado, etc). 
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Vibration can be either by human intervention (activities) or natural. Recently, 
large numbers of research on the study of vibration have been motivated, 
by the different engineering applications such as the design of automobiles, 
structures, control systems, wind turbines, and nuclear reactors. 

Controlled vibrations are very useful in our daily life such as in case 
of music, cars, trains, planes, mobiles, electric motors and engines while 
uncontrolled vibration has a disastrous effect on human life. Therefore, a 
major important aspect of the study of vibration is to reduce vibration or 
control the vibration. 

Non-homogeneous plates along with non-uniformity have a wide variety 
of applications in science and engineering such as mechanical engineering, 
civil engineering, aerospace engineering, and optical engineering because of 
high strength, light weight, and having higher stiffness. Almost all engineer- 
ing structures work under the influence of huge temperature, therefore study 
the vibration with-out consideration of temperature effect is nothing. In order 
to control the vibration, we have to control the variation in plate parameters. 


10.2 Literature Survey 


Many researchers have been worked to study the vibrational characteristics 
of the plate and applied various methods to solve the vibration problem. 

The bending (pure and symmetrical) of long plate, circular, anisotropic 
and plates having lateral loads, forces in the middle has been discussed 
in [1]. Plate vibration of different shapes (circular, elliptical, rectangular, 
skewed, anisotropic and plates with variable thickness) on various com- 
bination of boundary conditions such as clamped, simply supported and 
free is studied in [2] based on Classical plate theory. The vibration of the 
square, rectangle, parallelogram, triangle, and circular plates are discussed 
and numerical results are presented for homogenous and uniform plates in [3]. 
Buckling and bending of thin plates and shells are presented in [4]. Excel- 
lent research on free transverse vibration of thin plates [5] (homogeneous 
and isotropic) with a constant thickness, effects of small deflection and no 
inplane inertial force on vibration have been summarized. A contemporar- 
ily relevant literature survey [6] using Mindlin and the modified Mindlin 
theory, on vibrational analysis of thick plates of different shapes and for 
laminated plates is presented. A method is presented to show the effects 
of openings on vibrational frequencies in plates [7] on various boundary 
conditions. The effect of parabolic thickness on the vibration of the square 
plate [8] is presented and obtained frequencies and modes shape using finite 
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element analysis. The results are compared with measurements (made with 
real-time laser holography) and found to be in good agreement except for 
a few of the lower modes. Non-linear vibration of the orthotropic square 
plate [9] carrying a concentrated mass on clamped boundary conditions 
is discussed using Von Kaérman’s equations. Von Kaérman’s equations are 
applied to analyze the large amplitude free vibrations of a square plate [10] 
of exponentially varying thickness and computed numerical results. Natural 
vibration of rectangular plate (thin and thick) [11] with arbitrary variable 
thickness is discussed by using an approximate method, based on the Green 
function, and numerical solutions for frequency parameter with accuracy and 
convergence are evaluated. Model characteristics of the rectangular plate 
[12] with elastic support on edges, by using the Rayleigh-Ritz method are 
presented. As a result, a large number of numerical results are given to 
demonstrate the accuracy and convergence of the results. Free vibration of 
the square plate [13] on a combination of clamped and simply supported 
edge condition is examined and first two modes of vibration are evaluated 
on a different variation of non-homogeneity constant, tapering constant and 
thermal gradient. Two-dimensional linear temperature effects are examined 
on the natural vibration of the square plate [14] with circular variation in 
thickness and Poisson’s ratio on clamped edge conditions based on Classical 
plate theory. The effect of variation in density and Poisson’s ratio on the 
clamped square plate [15] with variable thickness (linear) and temperature 
(bi-parabolic) is presented, and the first two modes are computed. Rayleigh- 
Ritz method is applied to calculate the vibrational frequency of visco elastic 
square plate [16] on clamped boundary conditions, with variable Poisson’s 
ratio and thickness along with two-dimensional parabolic temperature vari- 
ations. Novel separation of variables is used to compute the exact solution 
for the vibration of rectangular plates (thin and orthotropic) [17] with mixed 
boundary conditions. The vibrational frequency of homogeneous rectangular 
plate [18] (isotropic and thin) is studied by using Classical plate theory. 
A model is constituted to study the natural vibration of the square plate [19] 
having linear variation in thickness, circular variation in density and two- 
dimensional variations in temperature using the Rayleigh-Ritz method. Natu- 
ral vibration of parallelogram plate [20] having circular variation in thickness 
and Poisson’s ratio, with two-dimensional linear temperature variations is 
studied on clamped edges using the Rayleigh-Ritz method. The effect of two- 
dimensional thickness, temperature variation and one-dimensional variation 
in density on the vibrational frequency of skew plate (non-homogeneous) [21] 
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are presented using the Rayleigh-Ritz method on clamped boundary condi- 
tions. Rayleigh’s method is used to evaluate the fundamental frequency with 
fixed corners and different mass attachments configurations of thin elastic 
rectangular, isotropic and orthotropic, plates [22]. Asymmetric vibrations of 
circular plates [23] with parabolically varying thickness, exponential varia- 
tion in Young’s modulus and density, along the radial direction is discussed 
using Ritz method on clamped, simply supported and free edges. Natural 
vibration of moderately rectangular plates (thick and orthotropic) [24] with 
general boundary restraints, internal line supports and resting on an elastic 
foundation is presented by using first-order shear deformation theory and 
new results are obtained subjected to various parameters (elastic boundary 
restraints, arbitrary internal line supports and resting on elastic foundations). 
Vibration of circular plates [25] having constant plane load is provided. 
A Green function is determined for the governing equations and natural 
frequencies are evaluated. A theoretical analysis of the natural frequency of 
radial vibration of the circular plate [26] is discussed by using wave prop- 
agation approach and classical method to study the radial and piezoelectric 
effects on the band. Results are also verified by finite element simulation 
(FEM). An analytical model is studied to analyze the vibration of partially 
cracked rectangular plates [27] coupled with a fluid medium and evaluated 
the effect of crack length, fluid length, fluid level, fluid density and immersed 
depth plate on fundamental frequencies. Free vibration analysis of both 
thick and thin rectangular plate [28] for various aspect ratios and boundary 
conditions has been studied using first order shear deformation theory which 
shows the effect of rotary inertia on the natural frequencies of rectangular 
plates. An effect of variation in density and two dimensional variations in 
temperature on the vibrational frequency non-homogeneous square plate [29] 
with variable thickness are discussed by using the Rayleigh-Ritz technique. 
Natural frequency of non-homogeneous square plate [30] with thickness and 
temperature variation, on clamped boundary condition, is studied using the 
Rayleigh-Ritz technique and first two modes of frequencies are evaluated on 
a different variation of plate parameters. 

In this chapter, authors show the effect of plate parameters especially, 
circular variation in density, Poisson’s ratio and simultaneous variation of 
both non-homogeneity parameters, on time period of the natural frequency 
of square plate, on clamped boundary conditions. The effect of thickness 
and temperature variation on time period of the natural frequency of the 
plate is also computed. The results are presented with the help of tables. 
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A comparison of frequency modes of present analysis with existing published 
results is also given to support the findings of the present study. 


10.3 Analysis 
The equation of motion for the plate is given by 


OM, O'My O&M, (O¢ 


2 = pl—, 10.1 
Da Ondy Oa OR uot) 
where ; : 
My = —D1 [5 + v5 
2 2 
NE SED Ee vss (10.2) 
2 
Myy = —Di (1—v) gede 
Using Equation (10.2) in Equation (10.1), we have 
a6 | 5 O46 a46 | dy Go) | PD, (8b , Po 
[Dr ( / 2 ay? + Oy* ' Da? sf) : Dat (3 : vse) 
aD, (ad Bd | averd 2D, (026 . _ 02 
| 2 ar (33 + gray + Be = tage (3 v5) | 
(10.3) 
OD, ( Be Bo ov Oo \ | 02D, O¢ 
2 Oy. (B + Syda? ~ dz ifs) + 2(1—v) S5dy Baby 


The deflection of the plate can be written as a product of deflection 
function and time function as: 


o(,y,t) = ® (x,y) T(t). (10.4) 
Using Equation (10.4) in Equation (10.3), we have 


04 Ot 0*® 0? 02@ 07D, ( a6 O20 
Dy (3 a 2 aay Oy? Be Ox? + ) on Ox? \ Ox? Voy 
T g9Di ( ae 8S | werd) , 2D (AO | poe 
Ox \ dx3 Oxdy2 ' Ox Oy2 } ' Oy? \ Oy? * ~ Ox? 
gOD1 ee Oe Ov 02®@ I y) (1 Vv) 07D, 02 
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Using variable separable technique, we get 


04 04@ Od | vero 02D ( a2® 026 
Dy (3 2 aay? + Oy* Ox2 Fo) Ox2 (3 as yee) 


OD, (ao 6 Ov 02® 02D, ( a8 O26 
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— 7 Sr = w* (say). 
By taking first and last expression of Equation (10.6), we get 
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Equation (10.7) represents the equation motion for transverse vibration of 
the plate. 
The rigidity of flux (of plate) is given by 
Ee 


De 
+ dae) 


(10.8) 


10.4 Construction of Problem 


Consider a non-homogeneous square plate of length a with one-dimensional 
linear variation in thickness / presented in Figure 10.1 as: 


ae F Z. B-| (10.9) 


where 3, (0 < 6 < 1) is a tapering parameter. The temperature distribution 
on the plate is considered to be linear in two dimensional as: 


r=nf-(@IP- (aan 


10.4 Construction of Problem 215 


—> 


Figure 10.1 Square plate with linear variation in thickness. 


where 7 and 79 represents the temperature excess the reference tempera- 
ture on the plate at any point and at the origin respectively. The modulus of 

elasticity is given by 
E=E£9(1- 77), (10.11) 


where Ey is Young’s modulus at 7 = 0 and 7 is the slope of variation. 
Using Equation (10.10) in Equation (10.11), we get 


E = Fo|1 afi ane “hy, (10.12) 


a 


where a, (0 < a < 1) is a temperature gradient, which is the product of 
temperature at origin and slope of variation i.e., ~@ = y7o. Since the plate is 
considered to be non-homogeneous, therefore the density (circular variation 
[31]) and Poisson’s ratio (circular variation [20]) of the plate varies and are 


given by 
we 
AE aa ek Ve teeth (10.13) 
a 


where po is density at x = 0 and m4, (0 < mj, < 1) is non-homogeneity 


constant and 
i? 
P= Vy. Vd ig |) lee ae : (10.14) 
a 


where Vo is Poisson’s ratio at x = 0 and me, (0 < meg < 1) is another non- 
homogeneity constant. 


P= Po 
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Substituting Equations (10.9), (10.12) and (10.14) in Equation (10.8), we 


get 
_ Eolj [L— a {1- £} {1- 4} Laacek (10.15) 
1 fr r8 {1m (1- -2)} | 


10.5 Solution of Problem 


In order to obtain time period, authors are using Rayleigh—Ritz technique 
(i.e., maximum kinetic energy 7’; must equal to maximum strain energy V5). 
Therefore, we must have 


6(V, — Ts) = 0, (10.16) 
where V, and T; are given by 


PA 2 2 2 2 
(33) — + Ww Sere 


(3 Yy 
hth dydx, (10.17) 
ae 


T, = 5 sep i pl ®? dydz. (10.18) 


Authors compute the time period of frequency modes on clamped edges, 
therefore the boundary conditions are 


b= 2 =0, at x = 0, a, 


10.1 
6 = 22 —0, aty=0 al 
= 3, = 9, at y=0, a. 


The deflection function which satisfy Equation (10.19) is taken as 


&(2,y) = (5) (2) -2) 0-4) 
[O1 + 02 (Z) (2) A- 2) - a)], 


where QO; and Op are arbitrary constants. Substituting Equations (10.9), 
(10.13), (10.14) and (10.15) in Equations (10.17) and (10.18) we have 


(10.20) 
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(10.21) 
1 a a 2, 
Ty = —w* lo po l+m, (: 1 =| [2 B=] 62 dydx. 
2 0 a a 
(10.22) 
Introducing non-dimensional variables Xand Y as: 
Kee ye (10.23) 
a a 


Using Equation (10.23), Equations (10.21) and (10.22) converted into 
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(10.24) 
1 =5a *aHto oo f fl 1 +m: ( (- v1-x?)| [1 + BX] B2dYdX. 
(10.25) 
Using Equations (10.24) and (10.25), Equation (10.16) becomes 
6 (V3 — Tz) =0, (10.26) 


where A? = 12pqw?a4 / Ele i is frequency parameter. Equation (10.26) con- 
sists of two unknown constants O; and Og. These two unknowns could be 
calculated as follows 


=n (Vs — TF) =0, n=1,2. (10.27) 
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After simplifying Equation (10.27), we get system equations as: 


e110) + c1202 = 0, 


(10.28) 
€21O}1 + C2202 = 0. 


To obtain frequency equation, the determinant of coefficient matrix of 
Equation (10.28) must zero i.e., 


= 0. (10.29) 


Equation (10.29) is quadratic equation from where we get frequency 
modes. 
The time period of vibration of the plate is given by 
2 
k= = (10.30) 


where A is frequency modes obtained from Equation (10.29). 


10.6 Numerical Illustration and Discussions 


The time period of the frequency of the plate under temperature field, for 
different value of plate parameters (non-homogeneity constants ™1, m2, 
thermal gradient a and tapered constant 3) is calculated and presented with 
the help of tables. The following values of parameters are used for numerical 
calculations: 


Ey = 7.08 x 10!°N/m?, pp = 2.80 x 10°Kg/m’, 
Yo = 0.345, lo = 0.01m 


Table 10.1 shows the time period with respect to non-homogeneity mz for 
a fixed value of another non-homogeneity constant ™  1.e., m1 = 0.0, for two 
different values of taper constant / i.e., 6 = 0.0, 0.4 and two different values 
of thermal gradient a i.e., a = 0.2,0.6. Table 10.1 provides the fact that 
with the increasing value of non-homogeneity constant mz, the time period 
of frequency modes increase with less rate of increment for both the above- 
mentioned value of taper constant ( and thermal gradient a. But time period 
of frequency modes decreasing with the increasing value of non-homogeneity 
mz when the tapered constant ( varies from 0.0 to 0.4 and thermal gradient 
a varies from 0.2 to 0.6. 
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Table 10.1 Time period vs. non-homogeneity m2 for m; = 0.0 

8B =0.0,a =0.2 8B =04,a=0.6 

m2 Ky Ko Ky Ko 

0.0 0.042985 0.168224 0.036964 0.144707 

0.2 0.043017 0.168314 0.037003 0.144740 

0.4 0.043053 0.168359 0.037042 0.144773 

0.6 0.043085 0.168450 0.037082 0.144807 

0.8 0.043121 0.168495 0.037123 0.144840 


Table 10.2 Time period vs. non-homogeneity mz for m; = 0.4 

8B =0.0,a =0.2 B=04,a =0.6 

m2 Ki Ko Ki Ko 

0.0 0.044460 0.173281 0.038305 0.149173 

0.2 0.044495 0.173377 0.038347 0.149208 

0.4 0.044530 0.173424 0.038387 0.149244 

0.6 0.044564 0.173520 0.038429 0.149279 

0.8 0.044599 0.173568 0.038469 0.149315 


Table 10.2 displays second data set for the time period with respect to 
non-homogeneity constant mz for a fixed value of another non-homogeneity 


constant m1 i.e., my; = 0.4, for two different values of taper constant 
B ie. 8 = 0.0,0.4 and two different values of thermal gradient a i.e., 
a = 0.2,0.6. Here also, the frequency modes increasing with increasing 


value of non-homogeneity mz and decreasing when tapered constant ( and 
thermal gradient a varies from 0.0 to 0.4 and 0.2 to 0.6 respectively, like in 
Table 10.1. But the time period reported in Table 10.1 is less when compared 
with the time period reported in Table 10.2. 

The time period for a fixed value of non-homogeneity mz 1.e., mz = 0.0, 
for two different values of taper constant 6 i.e, 6 = 0.0,0.4 and two 
different values of thermal gradient a i.e., a = 0.2,0.6 corresponding to 
a non-homogeneity constant m1 is tabulated in Table 10.3. The increasing 
value of non-homogeneity m, results the increase in the time period for the 
above-mentioned value of taper constant ( and thermal gradient a. When 
the combined value of taper constant 6 and thermal gradient a increases, 
the time period decreases. The rate of increment in the time period reported 
in Table 10.3 is high when compared with the rate of increment in the 
time period reported in Table 10.1. The time period reported in Table 10.1 
(corresponding to Poisson’s ratio) is less when compared with the time period 
reported in Table 10.3 (corresponding to density). 

Table 10.4 provides the second data set of a time period corresponding to 
non-homogeneity constant m, for a fixed value of another non-homogeneity 
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Table 10.3. Time period vs. non-homogeneity m; for mz = 0.0 

8B =0.0,a =0.2 B=04,a=0.6 

m1 Ki Ko Ki Ke 

0.0 0.042985 0.168224 0.036964 0.144707 

0.2 0.043727 0.170785 0.037641 0.146940 

0.4 0.044460 0.173281 0.038305 0.149173 

0.6 0.045176 0.175753 0.038955 0.151365 

0.8 0.045886 0.178195 0.039599 0.153510 


Table 10.4 Time period vs. non-homogeneity m; for mz = 0.4 

8B =0.0,a =0.2 8B =04,a=0.6 

my, Ky Ko Ki Ko 

0.0 0.043053 0.168359 0.037042 0.144773 

0.2 0.043797 0.170924 0.037720 0.147009 

0.4 0.044530 0.173424 0.038387 0.149244 

0.6 0.045248 0.175901 0.039040 0.151438 

0.8 0.045956 0.178347 0.039681 0.153585 


Table 10.5 Time period vs. non-homogeneity m; and m2 
8B =0.0,a =0.2 B=04,a =0.6 
m, = M2 Ky Ko Ky Ko 
0.0 0.042985 0.168224 0.036964 0.144707 
0.2 0.043763 0.170831 0.037680 0.146975 
0.4 0.044530 0.173424 0.038387 0.149244 
0.6 0.045284 0.175999 0.039084 0.151475 
0.8 0.046027 0.178499 0.039766 0.153660 


mg 1e., M2 = 0.4, for two different values of taper constant 6 i.e., 8 = 
0.0, 0.4 and two different values of thermal gradient a i.e., a = 0.2, 0.6. Like 
in Tables 10.1, 10.2 and 10.3, the time period is increasing with the increasing 
value of the non-homogeneity constant mj, and decreases with combined 
increasing value of taper constant (6 and thermal gradient a. The time period 
reported in Table 10.4 is high when compared with the time period reported 
in Table 10.3. 

Table 10.5 presents the time period corresponding to the simultaneous 
variation of non-homogeneity constants ™m1,m2 for two values of taper 
constant ( i.e., 8 = 0.0,0.4 and thermal gradient a i.e., a = 0.2, 0.6. Here, 
the time period behaves the same as the time period reported in Tables 10.1, 
10.2, 10.3 and 10.4. The simultaneous variation in both non-homogeneity 
constants m1, M2 (in Table 10.5) provides a high time period in comparison 
to a time period corresponding to variation in non-homogeneity constant 
my (in Table 10.3) as well as variation in non-homogeneity constant m2 
(in Table 10.1). 
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Table 10.6 shows the time period of frequency modes corresponding to 
thermal gradient a by keeping non-homogeneity constant ™ to be zero, for 
two different values of non-homogeneity constant m2 and tapered constant 
Bie, mg = 0.2,0.4 and 6 = 0.4,0.6. The increasing value of thermal 
gradient a results in the increasing in the time period of vibrational frequency, 
for the above-mentioned value of non-homogeneity constant mz and tapered 
constant 3. On the other hand, the time period decreases when the non- 
homogeneity mz and taper constant (@ increases from 0.2 to 0.4 and 0.4 to 
0.6 respectively. 

Table 10.7 provides the second data set of a time period corresponding to 
thermal gradient a by taking non-homogeneity constant mz to be zero, for 
two different values of non-homogeneity constant m and tapered constant 6 
Le., m1, = 0.2,0.4 and 6 = 0.4, 0.6. Here, the behavior of the time period is 
the same as reported in Table 10.6 in all manners. But the time period reported 
in Table 10.7 is high in comparison to the time period reported in Table 10.6. 

The third data set of a time period corresponding to thermal gradient 
a for two different set values of non-homogeneity constants m1, mz i.e., 
my, = M2 = 0.2, 0.4 and tapered constant / i.e., 6 = 0.4, 0.6 is presented in 
Table 10.8. Like in Tables 10.6 and 10.7, the time period of frequency mode 
increases with the increasing value of thermal gradient and decreases when 
non-homogeneity constants m , mg and tapered constant ( varies from 0.2 
to 0.4 and 0.4 to 0.6 respectively. But the time period reported here, is higher 
than the time period tabulated in Tables 10.6 and 10.7. 


Table 10.6 Time period vs. thermal gradient a form; = 0 
mz = 0.2, 6 =0.4 mz = 0.4, 6 = 0.6 

a Ky Ko Ky Ko 

0.0 0.034536 0.135064 0.031578 0.123393 
0.2 0.035302 0.138061 0.032237 0.125991 
0.4 0.036122 0.141290 0.032939 0.128727 
0.6 0.037003 0.145074 0.033688 0.132949 
0.8 0.037951 0.148433 0.034492 0.134803 


Table 10.7 Time period vs. thermal gradient a for mz = 0 
m, = 0.2, 8 =0.4 m; = 0.4, 6 = 0.6 

a Ky Ko Ky Ko 

0.0 0.035132 0.137157 0.032677 0.127215 
0.2 0.035912 0.140187 0.033357 0.129871 
0.4 0.036745 0.143451 0.034082 0.132696 
0.6 0.037641 0.146940 0.034856 0.135735 
0.8 0.038603 0.150748 0.035685 0.139008 
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Table 10.8 Time period vs. thermal gradient a 
m, =m =0.2,0=04 m=m2=04,8 =0.6 

a Ky Ko Ki Ko 

0.0 0.035168 0.137187 0.032747 0.127267 
0.2 0.035949 0.140218 0.033430 0.129925 
0.4 0.036784 0.143484 0.034158 0.132752 
0.6 0.037680 0.146975 0.034937 0.135764 
0.8 0.038622 0.150784 0.035748 0.139039 


Table 10.9 Time period vs. taper constant 8 form, = 0 
mM, =a=0.4 M2 =a=0.6 

B Ki Ko Ki Ko 

0.0 0.044235 0.172662 0.045556 0.178044 
0.2 0.039905 0.155987 0.041002 0.160162 
0.4 0.036162 0.141322 0.037082 0.144807 
0.6 0.032939 0.128729 0.033727 0.131695 
0.8 0.030169 0.117927 0.030854 0.120482 
1.0 0.027779 0.108611 0.028383 0.110873 


Table 10.9 reflects the time period of frequency modes corresponding to 
taper constant ( by taking non-homogeneity m, to be zero, for two different 
values of non-homogeneity mz and thermal gradient a i., mg = a = 
0.4, 0.6. The time period of frequency mode decreases with the increasing 
value taper constant for all the above-mentioned value of non-homogeneity 
mg and thermal gradient a. On the other hand, the time period of frequency 
mode increases as the combined value of non-homogeneity mz and thermal 
gradient a varies from 0.4 to 0.6. The rate of increment in a time period 
corresponding to the combined value of non-homogeneity mz and the thermal 
gradient a is very less. 

Table 10.10 reflects the second data set of a time period corresponding to 
taper constant ( by taking non-homogeneity ma to be zero, for two different 
values of non-homogeneity mj, and thermal gradient a ie., my = a = 
0.4, 0.6. The behavior of the time period is the same as in Table 10.9 (in 
all respect). But the time period reported here is higher than the time period 
reported in Table 10.9. 
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Table 10.10 Time period vs. taper constant 8 for m2 = 0 

m =~a=04 m, =a=0.6 

B Ki Ko Ki Ko 

0.0 0.045679 0.178044 0.047762 0.185838 

0.2 0.041241 0.160654 0.043035 0.167283 

0.4 0.037395 0.145612 0.038955 0.151365 

0.6 0.034082 0.132696 0.035462 0.137758 

0.8 0.031231 0.121602 0.032462 0.126092 

1.0 0.028770 0.112059 0.029880 0.116097 


Table 10.11 Time period vs. taper constant 3 
m=m=a=04 m=m2=a=0.6 

B Ki Ko Ki Ko 

0.0 0.045752 0.178195 0.047879 0.186003 
0.2 0.041317 0.160777 0.043159 0.167462 
0.4 0.037698 0.145680 0.039081 0.151475 
0.6 0.034158 0.132752 0.035584 0.136709 
0.8 0.031307 0.121649 0.032584 0.126143 
1.0 0.028843 0.112079 0.029997 0.116097 


The third data set of the time period with respect to taper constant 6 
for two different values of non-homogeneity constants m ,7™z and thermal 
gradient a i.e., my = m2 = a = 0.4, 0.6 is tabulated in Table 10.11. Time 
period decreases with the increasing value of tapering § and increases with 
the combined increasing value of non-homogeneity constants m1, mz and 
thermal gradient a like in Tables 10.9 and 10.10. The time period reported 
here is also higher than the time period reported in Tables 10.9 and 10.10. 


10.7 Results Comparison 


A result comparison of the frequency of present analysis with [15] is pre- 
sented in Table 10.12 with respect to non-homogeneity mz by keeping 
thermal gradient a to be zero for two different values of tapering constant 6 
and non-homogeneity m; i.e, 8 = m, = 0.0,0.4. It can be seen that 
frequency modes of the present study are less in comparison to frequency 
modes reported in [15]. The frequency modes of present analysis and [15] 
coincide at m2 = 0.0. 
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Table 10.12 Non-homogeneity mz vs. frequency parameter (A) for a = 0 
m2 At A2 AL A2 
0.0 38.32 149.97 45.13 175.74 

{38.32} {149.97} {45.13} {175.74} 
0.2 38.30 149.86 45.12 175.57 
{38.89} {152.24} {45.88} {178.76} 
0.4 38.29 149.74 45.11 175.39 
{39.67} {155.34} {46.91} {182.99} 
0.6 38.27 149.63 45.09 175.22 
{40.74} {159.66} {48.35} {189.02} 
0.8 38.26 149.51 45.08 175.05 
{42.23} {165.84} {50.40} {197.82} 


The value in the bold bracket is from [15] 


10.8 Conclusions 


From the numerical illustration and comparison, the authors would like to 
record the following conclusions: 


> The frequency modes due to circular variation in non-homogeneity m2 
(present study) provide less frequency when compared with the fre- 
quency modes due to exponential variation in non-homogeneity mz [15] 
as shown in Table 10.12. 

> The time period corresponding to non-homogeneities m1, mz and simul- 
taneous variation in ™m ,, m2 increases as shown in Tables 10.1, 10.2, 
10.3, 10.4 and 10.5. 

> Circular variation in mg (in Tables 10.1 and 10.2) provides less rate of 
increment in the time period in comparison to time period due to circular 
variation in ™ , (in Tables 10.3 and 10.4). 

> The time period corresponding to mg is lesser than the time period 
corresponding to ™m , as shown in Tables 10.1 and 10.3. 

> Time period with respect to mz is higher than the time period corre- 
sponding to m; when corresponding non-homogeneity constant varies 
from 0.0 to 0.2 and lesser when corresponding non-homogeneity con- 
stant varies from 0.6 to 0.8 (in Tables 10.2 and 10.4). 

> The simultaneous variation of both non-homogeneity constants m1, m2 
(in Table 10.5) provides a high time period in comparison to a time 
period corresponding to ™ as well as corresponding to ma. 
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> The time period increases when the temperature gradient increases as 
shown in Tables 10.6, 10.7, and 10.8. 

> The time period decreases when the thickness of the plate increases as 
shown in Tables 10.9, 10.10, and 10.11. 

> The time period corresponding to taper constant ( and temperature a 
is higher when both the non-homogeneity constants ™m 1, mz include 
in the study in comparison to a time period where only either of 
non-homogeneity constants m1 or mz includes. 


Appendix: Nomenclature 


a Length of the plate 
L,Y Coordinates in the plane of plate 
M,,M, Bending moment intensities in x and y direction 
Moy Twisting moment intensity 
E Young’s modulus 
V Poisson’s ratio 
D, Flexural rigidity 
p Mass density per unit volume of the plate material 
t Time 
o(x,y,t) Deflection of plate 
®(x,y) Deflection function 
TE) Time function 
l Thickness of plate at x, y 
B Tapering parameter 
M1,™M2 Non-homogeneity constants 
a Temperature gradient 
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In the early 19th century, Cauchy proposed a method of successive approx- 
imation. These methods are helpful in finding the existence and uniqueness 
of solutions to a variety of models, particularly differential equations (ordi- 
nary as well as partial). A well renowned polish mathematician Banach [1] 
in 1922, developed and introduced a most prolific and applicable contraction 
principle. This principle is used to deduce the theorems on existence and 
uniqueness of solutions of various models. Branciari, in 2002, formulated 
and placed the notion of new contraction of integral type. Author proved 
a version of the contraction mapping principle satisfying a contraction of 
integral type in complete metric spaces. The main intent of this chapter is to 
derive some results on fixed point satisfying integral type weak contractions. 
An example and graphical representation of the fixed points of maps, and for 
weak contractions of our results are also given. 
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11.1 Introduction 


This chapter contains a brief historical development of results, definitions, 
lemmas, and some theorems in complete metric spaces on a fixed point 
for maps concerning several integral types of contractive conditions. In the 
first section, we mention some basic backgrounds of results on fixed point 
satisfying contractions of integral types. 

In section two, we derive some theorems satisfying rational weak con- 
traction for real-valued functions of integral types. In support of our finding, 
an example with graphical representation has been given. 

In section three, a result has been proven for a pair of mappings satisfying 
weak phi contraction of integral type. Our proved results are improved and 
extended version of some important results in the literature. 


11.2 Preliminaries 


Throughout the chapter, we assume that 
WY = {wlw : [0,+00) — [0,+00)} is a Lebesgue integrable function 
which is summable on each compact subset of R*, nonnegative, and is such 


é 
that for each €> 0, fw (s)ds > 0. 
0 


Fixed point operator theory has an escalating role in all branches of 
sciences (particularly in applied sciences, Mathematics and Physics). Accord- 
ingly, it becomes necessary to introduce this concept to the students at an 
early stage of their study. The first primary and most significant result of 
this theory was the well-known Banach-Caccioppoli theorem [1]. This theory 
was introduced in 1922. Afterward many escalating driving results have been 
derived and get focused in this modern era as well. One of the pioneer findings 
of this modern era is the integral type contraction introduced by Branciari [2] 
in 2002. Subsequently, many researchers extended the Branciari [2] result and 
derived some theorems on a fixed point. Some results satisfying the contrac- 
tive condition of integral type are proved for single and multi-valued maps. 

The author in [2] proved the following result. 


Theorem 11.1 [2] Let (L,d) be a complete metric space and \ : L + L be 
a map. If for every k,l € L 


d(\k,Al) d(k,l) 
i w(s)ds < | w(s)ds 
0 0 


where, 0 < p< landw © W, then there exists a g € L such that Ag = g. 
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This theorem was one of the real and proper extensions of the classical 
Banach result. The author in [2] by demonstrating some examples clarify the 
facts that it doesn’t mean a function satisfies integral type contraction always 
has a fixed point, and always satisfies Banach contraction principle. 


Example 11.1 [2] Let d be the Euclidean metric and L = R,. Let us define 
a function A : [0,0co) + [0, 00) as 


A(k) =k+1 and w(s)=-1. 


Then contraction in Theorem 1.1 is satisfied with all other conditions for 
any arbitrary k in (0, 1). We can see that the map has no fixed point. 

Following example does not satisfy Banach contraction but it satisfies the 
contraction given Theorem 1.1. 


Example 11.2 [2] Let L = {+|t € N} LU {0} with metric d(u, v) = |u—v}. 
Then (L, d) is complete. If we define a function \ : L > Las 


ifk=1,teN, 


4 1 

=2 #1? @ 

Ae) { 0; if k=, 

then clearly contraction in Theorem 1.1 is satisfied on taking w(s) = 


ge2ltle 5] for s > 0, w(0) = 0, and k = 0.5. But the function defined 
above does not satisfy Banach result [1]. 


Rhoades [3], in 2003, generalized and extended the result of Branciari [2] 
by introducing some universal contraction. 


Theorem 11.2 [3] Let (L,d) be a complete metric space and \ : L — L be 
a map. If for every k,l € L 


d(Ak,Al) R(k,l) 
hi w(s)ds < | w(s)ds, 
0 0 


where, 


’ 


R(k, 1) = max {atk.0), a(k, Ak), d(l, 1), RAD AEN) 


p € [0,1) andw € W, then there exists a g € L such that Ag = g. 
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Theorem 11.3 [3] Let (L,d) be a complete metric space and \ : L + L be 
a map. If for every k,l € L 


d(Ak,Al) R(k,l) 
i w(s)ds < p | w(s)ds, 
0 0 


where, 
R(k,1) = max {d(k, 1), d(k, Ak), d(l, Al), d(k, Al), d(l, Ak) } 
p € (0,1) andw € W, then there exists a g € L such that \g = g. 


Kumar et al. [4], in 2007, proved an extended and generalized version of 
Branciari [2] by proving a result for compatible couple of maps satisfied a 
contraction of integral type. This result was step up as a version of Jungck’s 
[15] theorem in metric spaces for compatible mappings. 


Theorem 11.4 [4] Let (L,d) be a complete metric space and x, 0 are 
compatible maps. If for every u,q € L following assumption satisfied: 
(i) A(L) C O(L), O is continuous, 
(it) ee w(s)ds < pr w(s)ds 
p € (0,1) and w € W, then there exists a g € L such that \g = g = 04. 


Example 11.3 [4] Let L = {4+:t¢ N,t £0} U {0} with the Euclidean 
metric d. Define mappingsA, 6: L + L by 


1 : 1 3 
aul teas if u= ; and t is odd, 
A(u) { 0, other wise, 


and ‘ ; 
_J a if u= ; and tis odd, 
oe) { 0, other wise. 


Let w(s) = se (1 — Ins), then hypothesis in Theorem 1.4 are satisfied. 
Also, A(0) = @(0) = 0, is unique. 

In 2008, Mocanu and Popa [5] derived few theorems on fixed point using 
iterations of sequences for maps in symmetric spaces under implicit relations. 


Lemma 11.1 [5] Let w € W and sequence {di}1en be nonnegative with 
limi+oo dt = g then 


dt g 
lim w(sjds= | w(s)ds. 
0 


t-00 0 
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Lemma 11.2 [5] Let w © W and sequence {dt}ien be nonnegative with 
limy+oo dy = g then 


lim w(s)\ds=0 => lim d=0. 
too 


In 2010, Samet and Yazidi [6] combined the result of Branciari [2] of the 
integral type with the result of Dass and Gupta [7] for rational expression and 
established a new theorem. 


Theorem 11.5 [6] Let (L,d) be a complete metric space and \ : L — L be 
a map. If for every k,l € L 


d(\u,q) R(k,l) d(k,l) 
| w(s)ds <p | w(s)ds + vf w(s)ds 
0 0 0 


d (1, Al) [1 + d(k, Ak)] 

—i+d(kd] 
where p, 0) > 0 are constants such that p +0 < landw € W, then there 
exists a g € L such that \g = g. 


and 
Bik) = 


Liu et al. [8] extended and improved Branciari [2] result in sense of Kannan 
[9] contraction for real-valued function satisfying contractions of integral 
type. Liu et al. [8] deduced the following results: 


Theorem 11.6 [8] Let (L,d) be a complete metric space and \ : L — L be 
a map. If for every k,l € L 


d(Ak,Al) d(k,l) 
| dee ae) | vase 
0 0 


Tt: R* — [0,1) such that limsupr(s) < 1, Vs > Oandw € W, then there 
exists a g € L such that \g = g. 


Theorem 11.7 [8] Let (L,d) be a complete metric space and \ : L — L be 
a map. If for every k,l € L 


Jo o(s)ds < ri(d(k, 1) oO wo(s)ds 
+ 72(d(k,1)) fae o(s)ds , 
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1,72: Rt > [0,1) with 71(s)+72(s) <1, Vs € Rt, lim sup 79(s) <1, 


s—0F 
lim sup ey <1, Vs > Oandw € W, then there exists ag € L such 
stt 
that Ag = g. 


From the past 15 years, many authors have continued their studies 
on integral type contractions and developed some fascinating results (see: 
[11-19]). 

In the next two sections, we derive some results on fixed point satisfying 
integral type weak contractions. 


11.3 Fixed Point Theorem Satisfying Weak Integral Type 
Rational Contractions 


In this section, we derive fixed point theorem using the generalized ratio- 
nal expression for real-valued functions. Our results are an extension and 
improvement of Liu et al. [8] and Samet and Yazidi [6]. 

The main result of this paper is the following theorem. 


Theorem 11.8 Let f be a self-map and let (X, d) be a complete metric space. 
Ifforeachk AleX 


d( fk, fl) m(k;l) 
| w(s)ds < y(d(k, ») | mOCE G11) 
0 0 
pe d(k, fk).d(l, fl) 
m(k, 1) = max { 1+d(h,1) Jatin, (11.2) 
where w € U,y : Rt > [0, 1)is a function with 
,lim sup 7(9) <i. (11.3) 


Then f has a unique fixed point. 


Proof. Let us consider s € X be any arbitrary point in X. Now construct a 
sequence {s,,} in X such that fs) = 5n41. 
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Step - 1: Claim lim A( Sy; Sn4a) =O 

noo 
For all n > 0,construct iteration on f by putting k = s, and! = s,4,. From 
Equation (11.1), we get 


[ete w(s)ds = [ee w(s)ds 


nee a (11.4) 
< y(d(Sn—1, $n) ferent” w(s)ds, 


where 


asa f8n—1)d(Sn, f sn) 
1 + dSn-415 Sn) 


d(onassn)} 


1 S45 57). = max { 


ee d(Sn—-1, Sn)d(Sn, Sn+1) 
1 + d(Sn_1, Sn) 


Since d is metric therefore for all n, 


d(Sn—1, Sn) 
1+ d(Sp—1, $n) 


Ld(syassn)} 


d(Sn—-1, Sn)d(Sn, Sn41) 
1+ d(Sn-1, Sn) 


<1 implies that < d(S8n,$n41) 


and hence 
M(Sn—1, $n) = Max{d(Sp, $n41), d(Sn—1, Sn) } (11.5) 
If we suppose that d(sn, 5n41) > d(Sn, $n—1) then 


WAS RAas Sn) = max{d(Sn, Sat) d(Sn—1, Sn)} = d(Sn, Sn41) 


On combining (11.4) & (11.3) implies 


This is not possible. Therefore d(s,,, 5,41) < d(Sn,%p—1) and hence from 
(11.5), M(Sn—1, Sn) = d(Sn—1, Sr 
Therefore, from (11.4) 


d(sn,8n+41) d(Sn—1,8n) 
i w(s)ds < y(d(Sn-1, sn) f w(s)ds 
0 0 


d(sn,8n+1) d(Sn—1,8n) 
| w(s)ds < | w(s)ds (11.6) 
0 0 
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Thus, we obtained a monotone decreasing sequence { feney wo(s)ds} of 
nonnegative real numbers and so we can find some k > 0 such that 
d(8n,8n+41) 

lim w(s)ds =k (11.7) 

N—->O0o (0) 
Suppose that & > 0, then on using (11.1) and (11.5) we have 

k d(8n,8n+1) 
0< if w(s)ds = lim sup | w(s)ds 
0 0 


Noo 


0 


m(sn—1,8n) 
< lim sup (vtat-1s0) f visi) 


w(s)ds 


max{d(s8n,8n+41),d(Sn—1,8n)} 
< lim sup y7(d(Sp—1, $n)) lim sup f 
noo noo 0 


< (im sup->(4) i “sone i woe 


This is not possible and so 


=> lim Snes) = 0 (11.8) 


First, we claim that {s,,} is a Cauchy sequence. Suppose it is not. That is 
there exist an « > 0 and two sub sequence {5,,,}, {Sm, } of {Sn} the subject 
tom, > np > k, k > 0 and satisfying 


d(Sim,»n,) = E&A(Smy,_11 Sn) < € (11.9) 
For all k= 0, we have, 


€ A(Smy:Snp ) ™M(S8mj,—1>Sn~—1) 
| MOU i: ee Come as) | w(s)ds, 
0 0 0 


(11.10) 


where 


d(Smy_1s f8my—1)-A(Snp_1s fSng_1) 
1+ d(Sm,_1;8nx—1) 


U(Smy_1; sm_1)} 


M(Smy—1>$n_-1) = max { 


d(Sm,_15 Smy)-E(Sny_1) Sn,) } 
= 1A Smp_15 Sng iG hoi 
max { 1 + OSs 43 Siig) (s p19 Sng 1) ( ) 
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Triangle inequality implies 
CI Sion i Syien 4) Ol Sagas fa) Ad Sn a) 
and so (11.9) gives 
G( Sis oti i) Ser dl Spin 4.) 


Using (11.8) and taking lim , we obtained, 
k>00 


li 2 Siig senor) Se (11.12) 


k-oo 


Thus Equation (11.11) implies (using (11.9) & (11.12)), that 


line (Spi eBay 4 WE (11.13) 
k-+00 


Taking jim in (11.10) and using (11.3), (11.12) and (11.13), we get 
oo 
€ d(Smy :Sny) 
[ w(s)ds < lim sup( | w(s)ds) 
0 k>00 0 


; M(Smy_ 1 8np__1) 
< Jim sup ((dl5meas8m.)) f wo(s)ds 
k- 00 0 


< pm, sup (V(d(Siig4 Snes) 


. m(Sm _49Snp_ ) 
Jim sup (J a ca w(s)ds) < fp w(s)ds 


This gives a contradiction to our assumption. Thus, {s,,} is a Cauchy 
sequence. Call the limit v such that 


lim fsy =v. (11.14) 


Nn—-Co 


Step - 3: Claim that d(fv,v) = 0. 
Suppose not, that is, d(fv,v) > 0. 
Hence 


m(v,S8n) 


d(fv,v) d(fv,fsn) 
0< | w(s)ds = ‘i w(s)ds < y(d(y, sn) f w(s)ds, 
: : (11.15) 
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where 
d(v, fv)d(sn, f $n) 
1+ d(v, Sn) 


m(v, Sn) = max { 


Consequently, lim m(v, s,) =0 
NOOO 


-a(v.sn)} 


Hence on letting lim Equation (11.15) implies 
N+ Oo 


d(fv,v) d(fv,fsn) 
0< i w(s)ds = ‘i w(s)ds < 0 
0 0 


This gives that d( fv, v) = 0. Therefore, fu = v. 
Next, assume that there exists k A vs.t. d( fk, «) = 0. 
Suppose d(k,v) 4 0. 


Since, 
d(«,v) d(fr,fv) m(K,v) 
0< / w(s)ds = | w(s)ds < r(ate,e)) f w(s)ds 
: . : (11.16) 
ee As, frs)-d(v, Fo) 
k, fr).d(v, fu > 
M(kK,v) = max { 1 -+d(x,v) ,d(k, 0} ='Q; 


Then (11.16) implies 0 < on w(s)ds < 0. This is a contradiction to the 
above fact that d(«,v) 4 0. Therefore, v is unique in such way that fu = v. 
Hence the result is established. 

Following two results are consequence findings of our main result. 


Corollary 11.1 Let f be a self-map and let (X, d) be a complete metric space. 
Ifforeachk AleX 


AC fk, fl) < y(d(k,1))m(k, 1) 


2 d(k, fk).d(l, fl) 
mks max { 1 +d(k,l) Jatin, 


y: Rt = (0,1) s.t. lim sup 7(6) < 1Vt > 0. Then f has a unique fixed 
— 


point. 


and 


Corollary 11.2 Let f be a self-map and let (X, d) be a complete metric space. 
Ifforeachk AleX 


d( fk, fl) m(k,l) 
i: w(s)ds < cf w(s)ds 
0 0 
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and 
m(k, 1) = max { a at cake; o} 


where w € W and c € (0,1) is a constant. Then f has a unique fixed point. 


Proof. By taking a(t) = c for all t € Rt we get the result. 


Theorem 11.9 Let f be a self-map and let (X, d) be a complete metric space. 
Ifforeachk ALEX 


d(fk, fl) A(k,l) d(k,l) 
| eiadnd @idiha)) jp w(s)ds + B(d(k, )) | ads 
0 0 0 
(11.17) 
and 
d(k, fk).d(l, fl) 


A aac d(k, 1) 


where w € VW and a, 8 € [0,1) subjected to a(r) + G(r) < LL Vr >0 
B(s) 


ee ss 1—a/(s) 


4 1, lim sup a(s) < 1, lim sup f(s) <1 


(11.18) 
Then there exists unique point v such that fv = v. 


Proof. Choose s € X as any arbitrary point. Construct sequence {s,,} such 


that fsp = S41. 


For all n > 0, construct iteration on f by putting & = s,, andl = 8y44. 
Equation (11.17) gives 


Jone) ww(s)ds < a(d(5n—1, 8n)) for” w(s)ds 


11.19 
+B(dSn1, 5n)) 40") w(s)ds rae 


where 


ACS p=19 Sn) — ae ee \ 


= d(sn—1,8n)-A(8n,$n+1) 
1+d(sn—1 ,8n) 


Since d is metric therefore for all n, 


d(Sn—1, Sn) 
1+ d(Sn—1, Sn) 


a Sis Sn)d(Sp, Saat) 
1 + d(Sn_1, Sn) 


<1 implies that < d(S8n, $n41) 
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and hence 
AS21330) S dons Sn) (11.20) 


On making use of (11.20), Equation (11.18) in Equation (11.19) all together 
implies that 
for") w(s)ds < o(d(Sn—1, 8n)) for" w(s)ds 
+B(d(8n—1, 8n)) fy?" w(s)ds 


d(Sn,8n d(sn—1,8n d(Sn—1,8n 
ii a aye s ete) ihe 1") U(s)ds 
<I (Sn—-15") u(s)ds 


Ongoing this mode, we obtain 
d(sn,8n41) d(sn—1,8n) d(si,82) d(so,81) 
i w(s)ds a) w(s)ds <... ay w(s)ds =a w(s)ds 
0 0 ) 0 


This implies that there exists a monotone sequence { (ere w(s)ds} of 


(11.21) 


non-increasing non-negative real numbers such that for every k > 0 


d(8n,8n+1) 


lim w(s)ds =k (11.22) 


n—-oco 0 


Suppose that & > 0. Thus, by going on in a similar way as in Theorem 1.8 
we find that k = 0 and thus 


d(Sn,8n+41) 
=> lim w(s)ds =0 
noo 0 
=> lim alse Sya1) = 0 (11.23) 


First, we claim that {s,,} is Cauchy sequence. Suppose it is not. That is, there 
exist an € > O and two sub sequence{sp, }.{5m,} of {sn} the subject to 
Mk > Np => k,k > 0 and satisfying 


d( Sing, Sty) = EME Sm, 45 8ni) Se (11.24) 


Now for all k > 0, we have, 


€ d(Sm, Srp) 
| w(s)ds < a w(s)ds 
0 0 


MS ssSnie a) 
Sal dsp icene4 lg. OO wlsjds 
A(Smp_4>8np_1) 


+8(d(Sm,_1) Snz_1)) 0 w(s)ds 


(11.25) 
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Now, 


aN ) = d(Smy_1 Ff 8mj_1)-ASny_1 f8nj,_1) 
Smp_12 Sng_1) = 1+d(s8m,_1,Snp_1) 


_ {+} (11.26) 
— 1+d(8mj,_ 1 r8np_1) 
Taking jim in (11.26) and make use of (11.23), we obtain 
—00 
Hit ACs nee =O (11.27) 


k-oo 


Taking jim in (11.25) and using Equations (11.27), (11.12) and (11.18), we 
—00 
obtain 


d(Smy,_4 Snp_4 


O0< w(s)ds < 0+ ae [ (8(d(Smx—1;8nx—1)) i w(t) 


d(Smp,_1.Snp_y) € 
< lim sup(5(s)) lim sup | w(s)ds) < i w(s)ds) 
s 0 0 


k-oo 


which is a contradiction and hence our assumption is wrong. Therefore { s,,} 
is a Cauchy sequence. Call the limit a such that 


lim fs, =a. (11.28) 
n> co 


Claim that d(fa,a) = 0. Suppose it is not, i.e. d(fa,a) 4 0. 
Consider, 


0< fot w(s)ds = foFoF” w(s)ds 


X(a,8n) d(a,8n) (11.29) 
< a(d(a, sn)) f° w(s)ds + B(dla, Sn) fol”) col s)ds, 


where 

d(a, fa).d(Sn, f8n) 
1+ d(a, Sn) 

Taking lim in Equation (11.29), Equation (11.30) and make use of 

nN—-Ooo 

Equation (11.30) in Equation (11.29), we arrived at a contradiction. This 

proves d(fa,a) = 0. Therefore, fa = a. Uniqueness of f follows directly 

from Theorem 1.8. Hence, the result is established. 


Aldi. 34) = (11.30) 
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Theorem 11.10 Let f be a self-map and let (X, d) be a complete metric space. 
Ifforeachk AleX 


oe d(k, fk)d(1, fl) 
jo Sn ee 
NI Nite) 
w € Wwithy : R+ — [0,0.5) in such way that, im 22. <1,Vt>0. 
sot rs) 


Then there exists unique point v such that fv = v. 


Proof. Proof of the result is on the same line of Theorem 1.9. 


Example 11.4 Let X = [0, 1]. Define the metric d(k,1) = |k -—I] V k,l € 
X, which is complete with set X. 
Let us define a rational mapf : X > X 


k 
1A) a are 


Also w € W is defined as w(s) = 28;V s € Rt. 


V kEXx 


Define y : [0,00] — [0,1] is defined by 
0.5: if s=0 
1 


7(8) = 
(+s)? Ys E€(0+00) 


Consider, 


fo? w(s)ds = [yO w(s)ds 

= (k — 1)? 

(1+k)0 +2) 

2 (k — AP 

~ (1+ |k-2) 

We can see that f (11) = 0. Figure 11.1(a) shows the fixed point of map f 
and Figure 11.1(b) shows that R.H.S. expression of Theorem 1.8 dominates 


the L.H.S. expression of Theorem 1.8 in X = [0,1) which validates our 
inequalities in Example 1.4. 


)? 
< y(d(k,1)) fer" w(s)ds 
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Ww 


Figure 11.1(a) Graph showing the fixed point of map f(x) defined in Example 1.4. 


—®- Left Side 
—® Right Side 


0 5 10 15 20 25 
Figure 11.1(b) Plot of inequality, 2D view. 


11.4 (az, ¢)— Integral Type Weak Contractions 
and Fixed-Point Theorems 


Theorem 11.11 Let S and T be compatible self-maps and (X, d) is a complete 
metric space, satisfying the following assumptions for all k,l © X 


se ere (11.31) 
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d(Sk,Sl) d(Tk,Tl) 
(ii) 7m ( f vss) < y(d(Tk, Tl))¢ ( f visi) (132) 
0 


0 


where w € WV,7 : [0,+c0) (0, 
with 1(t) “Our and only ift = 0, 
map with the condition 7(t) > o(t 
function with 


+00) is reat and non-decreasing 

@ : [0,+00) — [0,+00) is a continuous 

oralle > Oandy: R* > (0,1) isa 
li 6) <1. 

59150 pa 


If T or S is continuous, then S and T have a unique common fixed point. 


Proof. Choose xo as any arbitrary point of X. As S(X) C T(X), so we can 


take a point x; in X in such a manner that Sao = Tx}. 


Ongoing like this way, we can choose a sequence {2,,} and define 
Cnet = Sa NS xs 


For each integern > 1 from (11.32), we obtain 


d(ynsYn+1) d(Yn—1,Yn) 
1 ( [ w(s)ds < ¥(d(Yn-1; Yn))d ( ! vss) (11.33) 


0 


Using the conditions of Theorem 1.11, we get 


A(Yn,Yn+1) d(Yn—1,Yn) 
w(s)ds < w(s)ds 
0 0 
Similarly, 
d(yn—1,yn) d(yn—2;Yn—1) 
w(s)ds < f w(s)ds 
0 0 


Above two inequalities imply that there exist a monotone sequence 
{ fe ean, wo(s)ds} non increasing non-negative real numbers such that 


for every k > 0 
d(yn,Yn+1) 
lim w(s)ds =k (11.34) 
Noo 0 
If on both sides of Equation (11.33), we take a limit as n — oo and using 
(11.34) and conditions of Theorem 1.11, we obtain 7 (k) < ¢(k). This is not 


possible for any real number. Therefore k=0. 


11.4 (x, )— Integral Type Weak Contractions and Fixed-Point Theorems 245 


This implies 
d(YnYn+1) 
lim w(s)ds = 0. (11.35) 


N—->Co 0 


Now we prove that sequence {y,,} is Cauchy sequence. Suppose on the 
contrary that it is not. Then there exists a ¢ > 0 with two subsequences 
{yn }> {Ym, } Of {yn} subjected to condition k < ng < mx, k > 0 satisfying 


A(Ymps Yny) = €and d(Ym,_1) Yn.) < € (11.36) 
For all k = 0, we have 


d(Ymy, Yn) et+d(yny Ynp—1) 
Van = [o s)ds < . w(s)ds < i, w(s)ds 
0 


So from (11.35), we get 


d(ymy, Ynz) 
lim w(s)ds = H (11.37) 


k-oo 0 


Also from triangle inequality, we know 


OC tyiee3 ’ Wrie 4) = Cl Uiree 5 Une.) 7 EG Urreca)s 


and therefore 
A(Ymy, —1:Ynz - 1) 
lim w(s)ds = H (11.38) 


k- oo 0 


From (11.32), we have 


dYmy Yny) A(Ym, —19Ynz, — 1) 
n | w(s)ds| <7 (d(Ymy —1;Yn_ - 1)) 0) / w(s)ds 
0 ) 


Taking limit as jim and using (11.37) and (11.38) along with the fact that 7 
—00 


and @ are continuous, we get 7 (H) < ¢(#). This is a contradiction to the 
condition of Theorem 1.11. Hence {y,,} is a Cauchy sequence. Therefore, 
there exists a point v such that 


lim Tin41 =v Jim, St, =v 
na 


Nevunie that T is Son saueus. therefore v = Jim LenS aL Jim Int1 = 


Tv. 
This proves that v is a fixed point of T. 
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Consider, 


d(San,Sv) d(Txn,Tv) 
1 (/ visi) < (d(Trn,Tv))d (/ wots 
0 0 


On taking the limit as n — oo and we get that [oerene w(s)ds = 0 implies 
that Sv = v. Hence v is the point of coincidence of S and T. In Similar manner, 


we can deduce that coincidence point is unique. This proves the result. 


11.5 Conclusions 


From the above proved results, we draw the following conclusions. 


1. From Corollary 2.1, we observed that the result proved in Theorem 1.8 
is a genuine extension of the theorem proved by Rakotch [10]. 

2. From Corollary 2.2, we observed that result obtained in Theorem 1.8 is 
a proper extension of the theorem proved by Branciari [2]. 

3. Theorems 1.8 and Theorem 1.9 are proper extensions of the results of 
Liu et al. [8]. 

4. Theorem 1.11 is another extension of Branciari [2] for a pair of maps 
satisfying (7, @)— integral type contraction. 
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Variation of stripping factors observed during the study of field test strip data 
obtained by low altitude gamma ray spectrometric surveys and calibration 
test pad have been analyzed by ordinary and weighted least square models. 
Mathematical analyses of data were carried out when both correlatable and 
non-correlatable conditions exist in between different radioelements. The 
effects of airborne Bi?! and its error bias on the results have been taken care 
of. Study reveals that the variation of stripping factors can also be achieved 
even when correlation between radioelements exists in the nature. 


12.1 Introduction 


Various studies on the stripping factors in airborne gamma ray spectrometry 
have been done at various times (Dickson et al., 1981, Grasty, 1975, Love- 
borg, 1978, Jadhav et al. 1988, Raghuwanshi, 1987, 1989, 1992). The 
airborne data for Uranium (U), Thorium (Th), Potassium (K) is being 
collected in respective energy windows by airborne gamma ray spectrometric 
surveys over a field test strip where ground concentration of radioelements 
is known. The flying altitude varies from 30 m to 250 m. This process 
is repeated as routine exercise before the commencement and at the end 
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of airborne gamma-ray spectrometric (AGRS) surveys by Atomic Minerals 
Directorate for Exploration and Research (AMD) for exploration of atomic 
minerals. Auxiliary data like temperature and pressure along with radioele- 
ments concentration are also recorded for determining the atmospheric 
conditions which affect the concentration of radio-elements. Apart from test 
strip, calibration pad (Jadav et al., 1988) data is also obtained for calibration 
of data acquisition system. 

In the present work an objective function is derived for the study of the 
variation of the stripping factors which plays a significant role in knowing 
the error behavior of the Compton scattering ratios in Airborne gamma ray 
spectrometric investigations. Subsequently, statistical methods are adopted to 
analyze the airborne radiometric data using test areas in varied conditions 
and probable models of ordinary and weighted least squares are used and the 
results have been compared and are discussed in this paper. 


12.2 Ordinary and Weighted Linear Regression Models 


Let K, U, Th be the counts rates observed in AGRS system on either cali- 
bration pads or on the test strips. Let By, Bu, Br», be the background counts 
in the respective energy channels of potassium (1.36-1.46 MeV), uranium 
(1.66—1.86 MeV) and thorium (2.42—2.82 MeV). Then we can write the count 
equations as follow: 


K = Surke + SkuUc + SxtThe + By 


U = Su Ke + SuvUc + SurThe + Bu (12.1) 
Th = Sr. Ko + StuUc + SteTho + Brn 


Where S;;’s are sensitivities to be determined and give count rates in ith 
channel/window per unit concentration of jth radioelement. 

The solution of the above calibration equations is sought by the use of the 
least square principle using calibration pads data where concentration of U, 
Th, K are known. In this approach, the total error between the observed and 
predicted counts is minimized with respect to the parameters to be optimally 
computed. viz., sensitivities, interchannel coefficients. This can be done in 
two ways: One considers no uncertainties in the count rates and solution of 
calibration constants are found using ordinary least squares (OLS) method. 
While in the other method due weightage to uncertainties in the variables 
(count rates) is given. And the techniques applied is called the weighted least 
squares technique (WLS). These two ways shall be studied in what follows. 
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These two models are discussed as follows using a linear relationship 
between two variables x and y: 


yi = at+ bx, + Ej (12.2) 


where E,s are errors due to misfit of the line y = a + bx to experimental data. 
In this expression y; and x; are priori known for ith point (x;, yj) and a and b 
are parameters to be estimated by minimizing total E? with respect to a and 
b. If the variances associated with y;, x; be oy;, 07x; respectively, then the 
weight w; is defined as 
1 
Wi, era (12.3) 
o*y; + b*a* x; 
In this method an initial guess to ‘b’ is made. Then a series of regressions are 
performed till b does not show successively any further appreciable change 
(by setting a tolerance). 
These concepts provide the following two sets of parameters a and b (a) 
OLS mode. 


b= aon ae i (12.4) 
i=o i 
And 
a=y— bx (12.5) 
where 
(a) . 
gee di=o (Xi) 
n 
and 5 
n 
(b) in WLS mode: 
=e doizo (Wixi) 


y= Sn yy 
di=o (wi ) 
and first estimate of b is guessed value given by expression (12.4) to start 
with. 
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OLS is usually regarded as a mathematical method of fitting the best 
straight line to the (xi, yi) points but it is not strictly so. Because an assump- 
tion used in deriving normal equations of regression is that the dependent 
variable y; contains random error of measurement, while independent vari- 
able (x;) is free from random error and other assumption is that the absolute 
error of measurement in y values remains constant over the whole range of 
values of x;. 

The WLS is an extension of OLS and in it the observations are given 
due weightage by a factor inversely proportional to the variance of x;. The 
variance in radiometric data is square root of the count rates because the 
radiometric counts follow a Poisson distribution. In this approach of weigh- 
ing, the regression gives less importance to the data with large variances and 
the line of best fit passes near those points with less variances. It, therefore, 
provides a more realistic fit to the radiometric data sensitive to errors. 


12.3 Computations of Compton Factors 


Let the observed counts in the uranium, thorium and potassium windows be 
Ug, The, Ka, and the background measurements be Upc, Tac and Kgaq 
and Un, Thn, and Ky be the net counts in these energy windows respectively. 
Then following relations can be written: 


Un = Uc — aThy — Upea (12.6a) 
Thy = The — Troe (12.6b) 
Kn _ Ke i BThN aa vyUN a Kpea (12.6c) 


Where a, are the Compton scattering contributions of thorium gamma rays 
(2.62 MeV) in the uranium and potassium windows respectively and + is the 
Compton scattering contribution of uranium gamma rays in the potassium 
window. These are called stripping factors and are caused due to scattering 
of gamma rays in the intervening medium. In airborne surveys therefore, they 
vary with altitude of flying. These stripping factors at various altitudes help in 
computing net counts of radioelements. (Grasty, 1975; IAEA, 1991). In prac- 
tice, these values are estimated on calibration pads with specific requirements 
(Lovberg, 1984). However, the variation of these stripping factor with altitude 
is either estimated by simulation (Dickson et al., 1981) or by Monte-Carlo 
numerical experiments (Lovberg, et al., 1978). Raghuwanshi et al. (1987) 
were first to have directly determined these coefficients. 
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Now if the ground distribution of uranium and potassium concentration 
be fairly constant and the concentration of the thorium varies significantly 
compared to the uranium and the potassium concentrations, it can be shown 
that these conditions are sufficient to estimate the stripping factors using 
the airborne data for Uc, The and Ke on this kind of ground by actual 
flying over such a ground by the instrumented aircraft. Let us put the above 
equations in the following form: 


Ug =a Thg + Ay (h) (12.7a) 


Kg = (B(h) — 7(h))The +7(h)Uc + Aa(h) (12.7) 


Where Aj(h) and Ao(h) are altitude dependent constants; and A;(h) depends 
upon Un, Usa; and Ao(h) on Tga, a(h), Bh), y(h), Kgc & Use, Kn. 
These factors A;(h) and Ag(h) can be treated as independent of Un and 
Ky, respectively by way of our above-mentioned assumption but will depend 
upon the altitude because of the varying a, (, y’s. For the range of airborne 
survey altitudes, the backgrounds Tga, Kga, Upa (provided no air Bi?!“ is 
these or corrected for it) can be treated constant. 

Therefore, Equations (12.7a) and (12.7b) form the basis for estimation of 
a(h) 6(h) — y(h). Let 6(h) — y(h) = T(h), say. From the knowledge of T(h) 
one can get the value of ((h) using a, y values. 

Therefore, from the airborne data for uranium and potassium acquired 
over an area or test strip with lower variation of uranium and potassium 
concentrations compared to the high variation of thorium concentration, it 
is possible to estimate the stripping factors from above equations provided 
there is no correlation among radioelements. By estimating them at various 
altitudes using Equation (12.7a) for a(h) and Equation (12.7b) for T(h) & 
7h), their altitude dependence can be computed optimally. 


12.3.1 Study of Variations in Stripping Factors 
when the Correlation among Radioelements Exists 


In the previous section we mentioned that Equations (12.7a) and (12.7b) can 
be used for estimation of the stripping factors a(h), T(h) provided there were 
no correlations among Ky, Un, Thy. However, in the following we shall 
prove that the variation of the stripping factors with altitude is possible even 
in the case there exists a correlation among the radioelements. 
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Let us assume that the potassium counts Ky bear a definite relation with 
Uy and Thy mentioned below: 


Ky = mThy + qUy + Kno (12.8) 


Where m is partial correlation coefficient between Ky and Thy; and q is 
that between Ky and Uy respectively. Kno is a constant term and can be 
interpreted as counts available without the influence of Thy and Un. Let us 
subtract Equation (12.8) from Equation (12.6c), so as to eliminate Ky. After 
rearrangements of various terms, we can write it finally as 


Kg = (m+ 6)Thy + (y+.q)Uy + (Kaa + Kyo) (12.9) 
On using Equations (12.6a) and (12.6b), it can be rewritten as 
Kg = [(8 — ya) + (m—aq)|The + (y+q)UG Aa (12.10) 


Where Aa = a(y+ q)Taa — (y+ q)UBe — (m+ 8)T Ba has been substi- 
tuted and can be treated as constant at an altitude and for the definite 
relationship (12.8). 

Now let us write the coefficient of The in Equation (12.10) as TT(h) at 
particular altitude h, i.e. 


TT(h) = 8(h) — a(h) 7(h) + m —- a(h)q (12.11) 


Here all the stripping factors have been treated as the function of the height h. 

In order to see the rates of changes of these stripping factors with the 
height we can differentiate TT(h) with respect to h. Since m and q are 
computable from the ground concentration of the radioelements and can 
be directly used to compute the variations of a, 2, y with altitude. In case 
potassium bears no correlation with uranium then q will be zero and rate of 
change of (6 can be estimated. We can conclude, therefore, that for the study 
of variation of stripping factors with altitude, we need only three necessary 
conditions: 


(a) the uranium and potassium should not have the correlation; 

(b) the uranium and thorium may or may not have the correlation; 

(c) the variation of thorium concentration must be significantly more than 
the variation of U and K concentrations to make the data feasible for 
weighted or ordinary least squares regression. 


In case the Uy and Thy are correlated, then also the rate of change of 
stripping factor a(h) will remain unaffected. 
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12.3.2 Estimation of Stripping Factors and their Variations 
with Flying Heights 


We shall now focus on the estimation of factors a(h), S(h), y(h) given in 
Equation (12.7a) and (12.7b) over a range of altitudes by considering the data 
at every altitude separately. The estimation of a(h), 3(h), y(h) can be made by 
least squares procedure described earlier by minimizing the error with respect 
to these unknowns. Therefore, let the Equation (12.7b) be written as below 
(in case there is no correlation exists among Un, Thy, Kn) 


Kai = (8(h) — y(h))Thei + 7(h)Uci + Ao(h) + & (12.12) 


where €; = error, Kqi, Thai, Uqi are observed counts for ith sample in 
potassium, thorium and uranium windows respectively. Putting 


T(h) = B(h) (12.13) 
Let us put for N number of samples, therefore, the total error (E) as follows: 
E= ¢ (12.14) 


Let the estimated values of T(h) and y(h) be denoted by T(h) and 4(h) 
respectively. Then, the following two normal equations for determining T(h) 
and y(h) can written as 


—~ =0= (Sis — S10) — T(h)Si1 = y(h)Si2 (12.15) 


OE/(Oy(h)) = 0 = (S23 — S20.) — T(h)S21 — y(h) S22 (12.16) 


S13 = Yii-o (Kai — Thai), S10 = Yip (A2Thai) 
S23 = Pe (Uci = Kai), S20 = ee, (A2UGi) 
a : (12.17) 
Si = Doi=o (TheiThai), Sar = oi-o (ThaiUai) 
Sia = Dito (ThaiUai), Seo = ix (Ug Uai) 


Solving the two Equations (12.15) and (12.16) for T(h) and y(h) will provide 
us with necessary estimated values of these stripping factor provided the 
determinant 

Su Si2 


A= 
hee S22 
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is not zero, then we can write 


(S13—S10)S22—(S23—S20)S12 
A 


i= (Ses Se0 SU SisSo)8a1 (12.19) 


If in the Equations (12.18) and (12.19), Si1. S12 = Sj. S21 then the values of 
T(h) and y(h) will become unstable i.e. in other words the counts in thorium 
and uranium windows will affect values of both T(h) and y(h). 

In the similar manner, the estimated value of a(h) can be written as 


follows. 
_ Siz = Sto 
Su 


T(h) = (12.18) 


a(h) (12.20) 


where 
n 


to = Ss (Ai — Thai) 
i=0 
After finding a(h), T(h) and y(h), we can find 6h) using relation (12.13). 
Then knowing these values at various altitudes h, their gradient with h can 
be determined in a similar manner by both least square procedures OLS and 
WLS. 


12.4 Objective Function for Study of Random Errors 
in Stripping Coefficients 


Let us find the confidence limits in the estimated values of the stripping 
coefficients a(h), T(h) and y(h). We will describe this procedure in a general 
manner for T(h). Let minimum of E be denoted by M, and be expressed as 
follows: 


n 
Mo = >. {(Kai — T(h) Thai — y(h)Uai — A2)}? (12.21) 
i=0 
Let us call the predicted value Ke; of Kg; and is defined by 
KG = T(h)Thai — 7(h)Uai—Ae (12.22) 


then we can rewrite the minimum error as defined in Equation (12.21) as 
below: 


Mo= )_ {(Kai — KP, )}? (12.23) 
i=0 
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Since KG; is expressed through a linear relationship (12.22) of T(h) and y(h), 
M,. has (N-2) degrees of freedom. Now let us find the sum of squares of 
the errors €; for the values of T(h) and y(h) using between the limits of 
one standard deviation i.e. 68% of confidence. Let the function M, become 
M in such a case. Then the amount of total error will increase by M—M, 
due to above change in the value of T(h) and y(h). Since we assume that 
€; is normally distributed and M and M, are the sum of their squares for 
N samples, we can say that M, is K-squared distributed with (N—2) degrees 
of freedom, Keio: And M—M, is distributed like K? because M—M, has 
only one degree of freedom as we are only varying T(h) and keeping y(h) 
constant in this process. Let us form a random variable by taking the ratio of 
two K? distributed variables. Then we can write 


((M — Mo)/1)/(M/(N — 2)) 


a function. In such a case the function will be Fischer function F and we can 
write then 


M — Mo = (3) F(1,N — 2, 68%) (12.24) 


This is the required objective function for determining the confidence value of 
the variable T(h) for 68% confidence. When the number of samples N tends 
to very large, the objective function M—M, can be written with sufficient 
accuracy as follows: 


Mo 
N-2 


M—Mop ~ ( ) = AM, say (12.25) 
Now let us vary the stripping coefficients T(h) and 7h) with respect to their 
estimated values T(h) and 7(h) and express AM in terms of these variations. 
Let 7 
x = T(h) - T(h)) 


and 
y = y(h) — 4(h) 
then we can write 
M — Mp = AM = S~ {(xThgi — yUci)}? (12.26) 
i=0 


Using earlier notations (12.17), we can rewrite (12.26) as follows 


AM = x°Si4 + y7So2 _ 2xyS12 (12.27) 
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For fixed values of AM and S coefficients, this Equation (12.27) represents 

an ellipse. This equation will lead to the required confidence limits for the 

stripping coefficients. For finding the confidence limits (CL) of T(h), we 

apply OAM/dy = 0 condition and solve the Equation (12.27), to finally get. 
9 Mo 1 


xX = N_2 Su - 2) (12.28) 


or we can write 


di 
Mo" 1 2 
= ob 12.29 
«= +153 Gah em 
Where 
r= et Ee and M;" is for maximum value of M. 
11-022 
Similarly, the confidence limits of y(h) are given below 
Mmex 1 1/2 
ce) 
y=ua (12.30) 
N-2 Su(1 = r) 


From the expressions (12.29) and (12.30) we can draw one conclusion about 
the factors which influence the CL limits of the stripping factors: (1) CL 
decreases as the square root of the number of degrees of freedom, (2) CL 
increases as r approaches to 1| (or Si, — S$ 11 S12). 

In a similar manner, the confidence limits of uranium stripping factor ah) 
can also be found. 


12.5 Effects of Airborne Bi2* and Error Bias due to It 


When using Equations (12.7a) and (12.7b) the inputs were assumed to be 
airborne radon free. This is not always true. It is of interest to study what 
effects this radon can have in certain worst situations when inversion layers 
occur during the airborne surveys. These layers are formed due to temperature 
inversions and may be produced by warm or cold fronts. This layer inhibits 
the natural upward movement of the air and air pollutants and the aerosols 
get trapped in this inversion layer. It does not allow the dispersion of these 
radon associated aerosols and causes extra counts Up which get added up in 
the gross counts Ug. These are monitored by the upward looking detector 
Nal(TI) crystals. therefore, let us consider the example of uranium stripping 
factor och), say when this airborne radon bias is present. Let us put (12.7a) 
as follows now: 
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Ua + Up = x? (h)The + A (12.31) 


Then proceeding we can write the optimal solution to o<>(h) as 


2 S12 — Sio + Spi 


a8 (h) (12.32) 
Su 
where Spy = “UpThea 
This can further be rewritten as 
a®(h) = ((Siz — S10) /S11) + Spi /Su1 
and therefore, the bias due to radon is 
Aa®(h) = AS}2/S11 (12.33) 


Thus, as the airborne radon increases, the bias to a(h) increases always 
positively but if Sj; >> Spi; this effect reduces. It is possible therefore in 
highly thoriferrous areas that this bias be reduced by virtue of high thorium. 


12.6 Ground and Airborne Experiments 


In this section we describe some examples of test areas for the application. 
Two test areas viz (A) and (B) have been selected where ground concen- 
tration of U, Th, K are determined by collecting samples at 100 m grid 
interval. These samples were analyzed by both in-situ (by shielded probe 
spectrometric) measurements and by laboratory radiometric methods. The 
number of samples in area A and B were respectively 188 and 117 and 
the results are summarized in Table 12.1. The comparative summary of 
measurements in test area A is given in Table 12.2. 

It was found that the variation of uranium and potassium is fairly constant 
along the length of traverse and a test strip of this nature is suitable for the 
estimation of stripping factors. 

The airborne data for U, Th, K were collected by flying over the test 
strips (where ground concentration of radioelements is reliable known) at 
every second at different altitudes ranging from approximately 30 to 250 m. 


Table 12.1 Details of data and radiometric concentrations two areas 
Area No. of Ground Sample % K ppm eU ppm eTh 
A 188 41.0+11.1 2.5 + 0.2 54.5 + 12.5 
B 117 1.45 + .42 3.774 1.06 15.63 + 3.69 
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Table 12.2 Some comparison of laboratory and in-situ measurements 


Laboratory - Assayed Grade In-Situ Grades 
%K ppmeU~ ppmeTh %K ppmeU- ppmeTh 
3.9 6 50 3.0 4 35 
4.5 2 47 3.9 4 68 
4.3 1 38 Sul 2 34 
4.5 4 93 4.2 2 88 


The temperature and pressure data were also collected. Temperature profile 
at various heights were also taken which helps to know whether an inversion 
layer at any flying interval is present or not. 

Using the relationship between altitude, temperature and pressure, 
the measured altitude was reduced to standard temperature and pressure 
conditions. A typical example of the variation of uranium, thorium, potas- 
sium, altitude, temperature, data at planned survey altitude of 120 m. 

Two more areas were also selected where the thorium to uranium and 
thorium to potassium ration was significantly high. Another area was selected 
far away from this, where uranium was significantly higher than thorium and 
potassium. Since these areas were flown only at two heights, the stripping 
factor was only computed at these two altitudes. 


12.7 Results and Discussion 


Several test areas described in previous section are utilized for determination 
of the stripping coefficient and their variation. The stripping factors a, 6, y, T 
were estimated at various altitudes. Some results are given in Tables 12.3 
and 12.4. 


Table 12.3 Results from studies of OLS and WLS models 


Standard Stripping Constant At 

Altitude (m) Error (+) FactorOLS Error (+) WLS Error (+) Height(h) — Error (+) 

35.43 3.14 0.337 0.031 0.350 0.025 136.65 16.60 

61.18 2.42 0.370 0.029 0411 0.034 111.38 17.79 

92.27 2.89 0.390 0.037 0.399 0.023 121.01 8.22 
121.98 2.07 0.430 0.056 0.435 0.060 117.97 21.22 
152.29 3.21 0.440 0.045 0.475 0.040 94.76 10.55 
183.48 2.84 0.450 0.062 0.528 0.081 87.74 18.93 
215.29 3.80 0.470 0.045 0.501 0.059 98.20 10.49 
245.19 5.35 0.536 0.078 0.674 0.080 78.98 11.57 


Extrapolated value at ground from WLS model = 0.312 + 0.025 
Extrapolated value at ground from OLS model = 0.316 + 0.027 
The estimated value at Calibration pads = 0.327 + 0.0278 


12.8 Concluding Remarks 261 


Table 12.4 Comparative study of stripping factors 
Thorium into Uranium Stripping Ratio Increase | Crystal Dimensions (mm) 
Model Om 50m 125m Om-50m Om-125m 


OLS 0.33 0.36 0.41 0.03 0.080 406 x 102 x 102 
WLS 0.33 0.38 0.45 0.05 0.125 406 x 102 x 102 
Lovborg 0.37 0.40 0.43 0.037 0.060 292 x 102 


12.7.1 Test Area A 


In this area average uranium is 2.5 ppm and comparatively lower than thorium 
presented in Table 12.1. The theoretically computed values by Lovborg 
et al. (1978), Grasty (1975), IAEA (1991) factors are also considered for 
comparison. 


12.7.2 Test Area B 


The particulars of this area are provided in Table 12.1 where the ratios U/Th 
and Th/K are much less as compared to those of test area A. The variation of 
uranium and potassium is also not as less as in case of test area A. Therefore, 
it presents the estimation of stripping factors under a different condition. 


12.7.3 Area of Very High Thorium Concentration 


Some airborne profiles of the area where the computed concentration 
of radioelements using calibration data are recorded as U = 1 ppm, 
Th = 250 ppm and K = 2%. The values of a, 6, 7, were estimated at 120 m 
and 150 m. 


12.7.4 Area of High Uranium Concentration 


Some areas were selected where average uranium was on higher side and then 
this area was mainly used to determine the y coefficient at 120 m, and 150 m 
heights. 


12.8 Concluding Remarks 


The variation of the stripping factors for various energies of the gamma 
rays in airborne surveys are studied from the point of view of direct 
measurements for radiometric counts in different energy windows and are 
given in Table 12.4 for comparison purpose. The main concern has been 
the uranium, thorium, potassium radioelements whose gamma energies 
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1.76 MeV (Bi-214), 2.62 MeV (TI-208) and 1.46 MeV (K-40) are consid- 
ered and their Compton scattering and consequent stripping in lower energy 
windows. The estimation of these stripping factors and their variation with 
flying altitude, h, is considered with uranium, thorium, potassium rich areas 
and the error ellipse has been considered to study their confidence levels. It 
is interesting to note that using WLS method the results are more dependable 
compared to OLS model. The data has been compared for Compton stripping 
factor for thorium to uranium in these results to that estimated at ground level 
for calibration facilities. 
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The inverting of the area temperature profile a(T) from the measured total 
power spectrum W(v) of temperature at different frequencies has been 
challenging. And the inversion solution of this blackbody radiation problem 
has been dealt using Planck radiation law. A kernel function comes into 
these solutions and this mathematical kernel function plays a pivotal role 
in the inversion processing. It has been modeled in the present treatment 
to find out the feasible solution for the temperature distribution function 
by deconvolving the governing equation using the Faltung theorem. The 
numerical modeling of this kernel function and subsequently their Fourier 
transforms then is applied to extract the temperature distribution. The results 
have been pictorially presented in this paper and have been found satisfactory. 
This approach shall be faster and simpler compared to the earlier works 
to handle the temperature problem particularly and may be found useful in 
remote sensing. Rigorous attention is paid to this problem based on a few 
inversion approximations for easy numerical techniques and is presented in 
figures for better visual accuracy, comparison, and efficiency. 


13.1 Introduction 


In physical and allied scientific fields, it is interesting to make inferences 
about the functions or parameters that are the main cause of the observed 
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effects and need to be inverted in the deconvolution sense. This can only be 
done through the systematic handling of the observed data and taking care 
of noise associated with them. In general, the laws of physics provide proper 
guidance to reach the necessary parameters with suitable mathematical trans- 
formations and help to compute the data values using an appropriate model. 

In the forward problem, the aim is to compute the output data using 
the numerical inputs and the variations of the controlling input parameters. 
On the other hand, in the inverse problem, the aim is to derive input 
parameters from the observed output data. In the inverse problem, the aim 
is to reconstruct the governing law or model from a set of measurements. 
In theory, however, sometimes exactly invertible or solvable situations exist. 
But quite often the problem of inversion poses severe limitations and hurdles 
and exact solvability does not occur. In such a case the combination of both 
theoretical, as well as optimal numerical data processing using Fourier or 
Laplace transforms are helpful in dealing with these kinds of problems. 

Blackbody radiation is also such a problem where the power density at a 
particular frequency is governed by the Planck law and here temperature and 
frequency play the central role. But when we observe the power density for 
all frequencies, extraction of the temperature distribution function from this 
data becomes a very complex problem and the problem now needs special 
attention to be solved. The power density integrated over a certain range of 
temperature for a particular frequency takes the form of an integral equation. 
This is because the temperature distribution function that needs to be unfolded 
remains in the integrand. 

This blackbody radiation problem has been dealt in the past by many 
workers [1-11] in various ways and challenges are always there to achieve 
a better solution to the problem. Here in this work, we have tried to design 
another approach to solve this equation by studying the behavior and then 
modeling the kernel function and may be found interesting. 


13.2 Nature and Statement of the Problem 


To find the temperature distribution a(T) from the measured power spectrum 
W(v) of a blackbody having temperature T and emitting a radiation of 
frequency v is an interesting problem. This is an inversion problem in which 
we need to extract the information about the temperature distribution with 
the prior knowledge of the other parameters such as frequencies of radiation. 
Historically, Wien had attempted to relate the frequency and temperature of 
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the blackbody rations before Planck had reached to the ultimate radiation 
law. He derived it from the logic of thermal equilibrium and was able to inter- 
pret the blackbody for large frequencies while Rayleigh was able to interpret 
the same for short frequencies of this complex problem. But Planck took 
the quantization of radiation and assumed all photons as simple harmonic 
oscillators and derived the law (13.1) radiation law. 

The inversion problem we are dealing in this work relates to the Planck’s 
law of radiation. In Planck’s law, these three quantities viz. P, v, T are 
well related via the energy of photons which are harmonic oscillators. The 
power spectrum P(v, T) with absolute temperature T of the radiating body is 


expressed as follows 
Pv, T) = 5 (13.1) 


ekT —] 


where, 


h is Planck constant, 

c is the speed of light, 

k is Boltzmann constant, 

T is the temperature of the blackbody. 


Wein had found this law for large frequencies or short-wave lengths of 
radiation before the Equation (13.1) came into being. The amount of energy, 
Pw(v, T) per unit surface area per unit time per unit solid angle per 
unit frequency emitted at a frequency vy according to Wein’s law can be 
written for higher frequencies or short wavelengths in the following manner 


2hv? : 
P(v, T) = ( > Jer (13.2) 


Obviously, from Equations (13.1) and (13.2) of power densities, we can see 
that the maxima of these two densities two do not coincide. The maximum P 
predicted by Planck law is higher than that computed by Wein law because 
of [e?”/FT _1] < eh/kT, This is also important to see that for frequencies 
when hy >> kT, the expression (13.1) for the density P(v, T) reduces to the 
expression (13.1) that derived by Wein. In fact, this law will be very useful for 
the inversion of the temperature at higher frequencies or short-wave lengths. 

When we take the logarithm of both sides of Equation (13.1), we shall get 
the following expression of the temperature 


h 
(no (13.3) 


klog (3s) 
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The expression of temperature (13.2) allows us to compute the temperature 
for different values of power densities P and frequencies such that hv >>kT. 

For all temperatures, if we measure the spectral density W(v, T) then the 
area distribution of temperature will not be such a simple formula but turn 
into an integral for a range of temperatures. In this context, it is interesting to 
note that the Wein approximation (13.3) for describing the radiation regime 
of radiation is very useful for higher frequencies while for a whole range of 
the radiation frequencies from low to higher the Planck formula (13.1) shall 
be useful. 

When the effective area temperature distribution function a(T) as a 
function of temperature is integrated over all possible temperatures, the total 
power spectrum radiated by this blackbody is expressed as follows 


2hv® i hv /kT 
W(v) = 2 a(T)dT/(e —1) (13.4) 
0 
For hy >>kT the above formula (13.4) will reduce to the following equation: 
oh 3 oo 
W(v) = ( > )/ e IK G(T) aT (13.5) 
0 


The Equations (13.4) and (13.5) are the integral equations for the unknown 
function a(T) to compute the temperature profile from the measured quantities 
W(v) at different known frequencies. 

In the case of long wavelengths of radiation, Rayleigh-Jeans had found 
that the energy output goes to infinity as the frequencies approach to zero 
and this was its failure to explain the energy output in accordance with 
observations. This case was easily derivable from the Equation (13.5) for 
hy <<kT and this condition will render the following equation for P(v, T) 


and W(v) in this case 
2hv?\ (kT 
P(v,T) = — 13. 
1) = (2) (SF) (13.6) 


W(v) = (=>) p (=) a(T)dT (13.7) 


All these three Equations (13.4), (13.5) and (13.6) are the integral equations 
for unknown temperature function a(T). The solution of such an integral 
equation is very interesting and poses a challenge for solving it for the 
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extraction of the temperature distribution function; it is tackled by the 
deconvolution methods using suitable transformations of the variables. In 
practice, there are many ways in which this can solve but mostly the common 
approach is to compress the variables by exponential transformations which 
have been the practice in linear filter theory. This has the advantage that 
the resulting transformed integral equation can be treated by the method 
of FFT and the deconvolution process converts it into a simple algebraic 
case from which unknown can be determined. This transformation, however, 
generates a shaping or spread function which is called a kernel function 
whose Fourier transform plays the central role in determining the accurate 
results. That encourages us to study this kernel function in detail and simpler 
to use for extraction of the temperature information. The nature of kernel 
functions is in itself very interesting from mathematical points of views too. 
The behavior of this kernel function entirely depends on the transforma- 
tions one chooses to reduce the integral equation to the convolution form. 
The small variations in these transformations can give rise to very useful 
visualizations. This can help us sometimes to compute simple filters for 
deconvolutions. 


13.3 Towards a Solution to the Problem 


The integral so obtained must be put in such a form that is amenable for 
the application of convolution theorems. The advantage with these theorems 
is that they treat the overlapping of one function over the other in a 
multiplicative way and help us to visualize the hidden nature of real causative 
function with the help of the kernel functions. The shape and simplicity of 
these kernel functions are most important in these treatments and are the 
results of proper transformations. Mostly the exponential transformations 
are very suitable for reducing the integral equations to convolution forms 
and yield wonderful results in deconvolving the causative function from 
the observed data. However, this is not a common method for all integral 
equations. This linear filter theory becomes very useful for the development 
of recursive filters also. A set of coefficients which are computed by process- 
ing the resulting equations by FFT are used to provide acceptable filters with 
proper choice of S/N ratios. 

Chen (1990) treated this problem by converting this integral 
Equation (13.6) into a convolution equation by adopting the following 
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transformations in the variables 


co hv 

~ kT 

T 
ee 13. 
e€ Th (13.8) 


Assuming Tp as some reference temperature for convenience and to make 
the transformations dimensionless. Thus, the frequency vy is expanded 
exponentially with increasing x but x remains small for large frequencies. 
On substituting and differentiating these new variables in the appropriate 
places in the integral Equation (13.7) gives a new following convolution 
formula 
+00 
G (2) = o(x — y)A(y)dy (13.9) 
—Co 


where the various new symbols are as below: 


h?e? x —a(2—A) 


A(y) = a(Tye¥ e924) (13.10) 


Here the ®(x — y) is the kernel function which only depends on the variable 
(x—y) which is a dimensionless function. It has a specific shape defined 
by the following mathematical expression obtained consequently after the 


substitutions. 
e(l+A)(x-y) 
O(c —y) = I (13.11) 


Let us assume u = x—y and rewrite this kernel function again as follows: 


B(u) = eA +A)u /(ee"_1) (13.12) 


Here an arbitrary numerical adjustable factor A was introduced by Chen 
(1990) which helps to decide the width of this kernel function. This 
kernel function is negatively skewed function while for deconvolution a 
symmetrical kernel is always preferred for the deconvolving operations. Chen 
has graphically shown this nature by varying A from 0 to 3. 

The kernel functions for Wein and Rayleigh-Jeans laws too can similarly 
be derived from this shape function (13.12). They will look like as given 
below: 
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For Wein 
®(u) = el tA)" /(ee") (13.13) 
And for Rayleigh-Jeans 
e(ltA)u 


But from all these asymmetrical kernel functions we can break them up 
in near symmetrical kernel functions. In the present work, this has been 
attempted and the dummy parameter delta has been varied accordingly. And 
it has been used to model such that the kernel ®(x) can be brought nearer to 
a Gaussian function or combination of Gaussians. These Gaussian functions 
are therefore symmetrical and can be utilized more smoothly than the cases 
of kernel functions defined in (13.2), (13.3) and (13.4). The shape of these 
three kernel functions for A = 1 is given in Figure 13.1. We see that 
the shapes of these three kernel functions are similar to the radiation law 
underlying the integration process and it is justified also because we have 
transformed the Planck radiation law into a convenient convolution format. 
The role of these functions is very important to extract the behavior of the 
area distribution of the temperature profile a(T). This is also interesting to 
note that the Wein law predicts the true energy outputs on higher frequencies 
and so the corresponding kernel function to matches at higher values of u so 
well like the law behavior. This is the true reflection of the kernel function 
behavior of the law. As in the case of Rayleigh-Jeans law, the predictability 
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Figure 13.1 Shapes of kernel functions for parameter A = 1. 
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of energy output is true for lower frequencies or long wavelengths, this is also 
reflected by its kernel function. The kernel function due to Planck radiation 
law is all through true and is just similar in shape to its radiation curve. But 
all these curves are skewed in nature. This poses a serious problem in the 
inversion process of the temperature profile of Equation (13.4). Since we 
cannot exactly find symmetry in these kernel functions, we can try to achieve 
a reasonable symmetrical picture by managing the adjustable parameter and 
tolerance levels for reaching nearer to the symmetry by suitable modeling 
either heuristically or statistically. 


13.3.1 Reducing ®(x) Function to Gaussians 


The kernel functions as we have seen in the earlier section are skewed and 
we have to reach to a solution which is not only nearer to its peak value 
but the width also to a sufficiently satisfactory level. This has been done by 
computing the basic kernel function by fixing its maximum value as its width 
is not in our control. Then a Gaussian function with the same peak value is 
selected. And the width of this Gaussian function is controlled by its spread 
parameter, called in statistical terms, a standard deviation. This parameter is 
constantly varied, and it is monitored until it matches or overlaps both the 
sides of the kernel function under consideration. Well, this matching will not 
be perfect, but we will accept it if the overlapping is reasonable. 

The modelling kernel functions in this paper have been treated recursively 
and reduced gradually by following this heuristic approach to nearly Gaussian 
functions as shown in Figures 13.2 and 13.3. 

In Figure 13.2, we have taken the dummy parameter A = 6.5 and 
the corresponding kernel function in blue color is modeled for a Gaussian 
function with a centroid at 2.0143 and standard deviation as 0.36055 and of 
maxima at 2002.3. The matching is self-explanatory in this diagram. 

As the kernel function (13.4) is always skewed negatively, we have also 
attempted to break it up using error function also. The error function is 
originally is related to the Gaussian function of probability and can be thought 
similar to the portion of this kernel function on the left-hand side of the origin. 
From the various families of standard curves, we have found this as most 
suitable for our work and there are no special criteria for its selection. 

Here we have taken A = 2 and plotted it in Figure 13.3 and shown in 
blue color. Here best fit Gaussian and erf(x) function was attempted. This is 
plotted on this kernel function itself as shown in this Figure 13.3 in red color. 

Here too the matching is found to be satisfactory. 
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Figure 13.2 Modeled gaussian kernel superimposed on actual one for parameter A = 6.5. 
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Figure 13.3 Modeled error function kernel function superimposed on actual one for 
parameter A = 3.0. 


The mathematical expressions for kernel function are given in the 
following two instances as follows: 

Kernel function (13.2) of this radiation problem is given as follows for 
dummy parameter A = 6.5: 


el 5x 


—1l+e” 
Let us denote the modeled kernel function in this case by the function ®1(x) 
as follows: 


(13.15) 


Cig) = 202s ee? (13.16) 
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In a similar way we can take a parameter, A = 2 in the kernel (13.1) for 
computing another modeled kernel ©2(x), say in this case as given below: 


est 
ee 13.17 
ae (13.17) 
@2(x) = 0.089762e~ 1 8(-1-15+2) (1 — erf(0.219298 «)) (13.18) 


The behavior of these kernel functions and their modeled functions are plotted 
in Figures 13.2 and 13.3 respectively. The deviations of these two models 
(13.10) and (13.12) from their original parent kernel functions (13.9) and 
(13.11) are just nominal and are acceptable in 90% limit of good fits. 


13.3.2 Convolution of Equation (13.4) 


The convolution integral Equation (13.4) now can be rewritten as follows with 
these newly modeled kernel functions (13.10) and (13.12) as expressed above 
by appropriate substitutions 


Gy = / ath ae ean ae (13.19) 


CGy= a SNe GAN (13.20) 


Thus, these two above equations are in convolution format and are amenable 
for the application of Fourier transform. By taking Fourier transform (FT) 
of both the sides of Equation (13.20) and using convolution theorem we can 
write the following: 


FT(G(2)) = FT(oi(@ — y)) * FT(A(y)) (13.21) 


which with little algebraic manipulation can be written to find the FT(A(y)). 
And then taking inverse FT of both the sides of that expression, subsequently 
we find the following inversion for the required temperature distribution 
function A(y) 


HIG!) ) (13.22) 


a (erent =) 


The Fourier transform of ®1(x—y) is given in Figure 13.4. as follows: 
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Figure 13.4 Fourier transform of ®1(x—y). 


Figure 13.5 Fourier transform of ®2(x—y). 
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And FT of Gaussian exponential part of ®2(x—y) is shown in Figure 13.5 


and mathematically expressed as follows: 
— 2.0143)? 
Fy [20.023 exp ( 05x & <5 ) )] (w) 


= 1.20548 x 1078 ¢70-065(w—15.4946:)? 


And 


Fy [0.089762 exp (—0.9(x z 1.15)?)] be) 
= 0.020348767 0:277778(w—2.07%)? 


Where F, is the Fourier Transform of f (x) with frequency w. 
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13.4 Concluding Remarks 


The heuristic approach adopted in this analysis of breaking up the two 
kernel functions has simplified by focusing their inherent skewed nature. It 
simplifies the inversion procedure for the extraction of temperature profile 
from the observed data, W(v) in a better way compared to the direct usage 
of the kernel functions (i.e. — far). The nature of this function is unraveled 
better by varying the dummy parameter delta. This could help us to study 
the behavior of this kernel function and we could express it in Gaussian 
terms. This approach makes the deconvolution treatment of the problem 
under consideration very simple by directly using its Fourier Transform and 
it is convenient for dealing with real data too. 
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